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ABST RACT 

The present thesis is a study of linear feedback shift 
register circuits (LFSR) overGF(2^). It is shown that sequences 
of binary n-tuples can be represented as sequences over GP (2^) 
and therefore can be generated by LFSR circuits over GF(2^). 

The multiplication of two field elements (binary n~tuples) is 
shown to be equivalent to multiplication of an appropriately 
chosen n x n binary matrix corresponding to one of the two 
elcanents, by the n x 1 vector corresponding to the other elonent. 
A procedure is given to obtain the binary matrices corresponding 
to field elaaents. The response of LFSR circuits over GF(2^) 
is studied. This includes both the autonomous response and the 
response to periodic input over GF(2^). Some of the properties 
of autonomous response of LFSR circuits over GFCg’^)^ viewed as 
n binary sequences put row by row^ regarding relationship 
between these rov/s, their individual periods and period of 
overall sequence are described-. A synthesis procedure based on 
Massey's algorithm for designing a LFSR to generate a sequence 
of binary n— tuples is given. This includes determination of 
the tap coefficients, the length of the circuit and initial 
states, such that the number of stages in the LFSR is minimum. 

A computer progrfjm is given which can be used for the design of 
LFSR by tha above procedure. Some of the applications of LFSR 
circuits and of the synthesis procedure are described. 



CHAPTER 


INTRODUCTION 


The present thesis is -i study of a particular class of 

linear sequential circuits which are capable of handling 

sequences of binary n-tuples. Such circuits are basically 

LSC over GF(2 ), in viiich the field elements are represented 

by n-tuples formed by binniry coefficients of polynomials with 

degree less than n, and the multiplication and addition of 

these polynomials is modulo an irreducible polynomial 

|]see chapter 2] of degree n. Thus all the 2^”^ binary n-tuples 

ra^a-a„...a^ il / Q-,- £ GF(2) arc elements of GF(2^) and are 
^ o ^ n—i. X 

represented by n x 1 vectors. 


The block diagram of a general LSC is shovm in Fig. 1,1. 
It consists of a nmfoer of synchronous delays which are fed in 
by various linear combinations of the contents of the delays/ 
and in addition/ by the external inputs. The outputs are 
also combinations of the similar type. The contents of the 
delays/ called state variables/ and the outputs at any instant 
are given by the following matrix equations i 
5J(k+a) _ 
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no ro 

where the vectors X^fj end Y doi'iote the states. 


fv’ ro ro 
CO co 


inputs cind outputs respectively, and a, 3,C and D are 
matrices of compatihle dimensions. 

S RJ 

When the matrices i. and Li are of the t’^ppe 2 
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■ihen the circuit hocomes of the typo shovm in Jb'ig. 1, 2 
and is co-lled a liner. r fecd.b:’ck shift registv-'.r (LFSh) circuit, 
tfnen a sequence is fed to the circait, the output 

becomes a Linear couibinatioii of tho state.s 

and the inj.)U-c cur!. ci sequence is obtained at the output. 

Generally the matrices C and D arc of tiiu form 


L ^'1 -2 ^3 


m J 


Sometimes C = [0G0...1] and D = 0 or other choices are 
used. For these two ctioicos, tho outputs Y and Y' are 
shown in the figure. Th^ constants ^3’ ' * 'm called 

CO CO 

tap coefficients. Wnen the entries of the matrices A, B_, C 
and D are from some finite field GF(q) , v/horo q = C p is 
and the circuit is capable of handling data from GF(q), the 
circuit is called LFSR circuit over GF (q) , 


Design of IiFSR circuits is simpler than that of a 
general LSC and LFSR circuits have got a vride range of 
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applications. Properly desinnod LFSR circuits can translate 
a sequence into another xjx'dn desired properties like extension 
of period etc. and thus are useful for scrambling, •acryptograjohy 
and BCII dtecoiing .^tc, 

n 

In this thesis, 'uc study LFSk circuits over GF(2 ) where 
elements of the field are represontod by binary vectors. The 
structure of such circuits, their aut'^noraous response proporties 
of autonoraous response and their rosponso to periodic inputs 
(hs- studied. 

The synthesis of such circuits is also studied in this 
thesis. This study involves the dc^sign of LFSi'i. circuits which 
can generate a given vector secju^nco. The connection polynomial 
and the shift register length are the two tilings to be deter- 
mined in the design. ilowevor, since the LPSR circuit vrhich can 
generate a given sequence is not unique, a procedure is also 
given to choose the one v/hich has got minimum number of stages. 

Hp. r iesp Bp._ck gr - The concept of linear 

[i] 

sequential networks was originally described by Huffman and 

Fal 

since then several generalisations have been suggesttid'" . 

Huffman suggested th.it the results obtained for binary case 
arc still valid if the p.'ilynoiaials describing the circuits arc 
based on some number system other than binary. Elxaas^^^, 
Hartmax:iist^ ^ and many others have: considered the linear modular 
sequential circuits over GP (p) , p > 2 and prime, as 
generalisation of binary ease, Priedland and Stern^-^l have 
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considered such circuibs whoso state variables and input and 

output data are vector representation of olcmonts of GF(p ). 

In the genoralisation of such circuits/ the multiplication of 

a vector by another vector modulo[p/q (x) ] is represented by 

a matrix-vector multiplication. Then they have proved thect 

a order LilSC over GF(p^) is equivalent to a (k.r)"^^ 

order LMSC over GF(p)/ and since synthesis procedure for 

systems having a prime number of levels are knotm, the circuit 

can bo synthesized, Hov/ever/ they have not given the details 

of how the LMSC over GF (p ) can be obtained from the equivalent 

(kr) order LMSC over GF(p) , Nakamura and Idav/ere^"^^ have 

discussed multilevel pulse sequence scr'ai'oblero/ in which the 

n r 8 1 

data are elements of GF(2 ). Massoy*- has given a LFSR 

circuit synthesis algorithm viiich is modification of Berlckamp's 

"9l 

iterative algorithm^- -ifor error correction which is applicable 
to sequences from any finite field. However the synthesis 
procedure for sequences consisting of n-tuplos in particular 
is not studied yet. 

Org anisation pf the Thesis » - Chapter 2 gives relcjvant 
results concerning finite fields and their representation by 
polynomials/ n-tuplcs and matrices. Representation of sequence 
using d-oparator is also described. 

In chapter 3 , expressions for the response of vector 
LFSR circuits arc described. These include both the autonomous 

Details wi_l appear in chapter 2 
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response, and the response to p::rioclic input sequences. 

Some properties of autonoiaous rcsj'jonse sequences, viewed as a 
bank of n binary sequences put row by row, arc derived. 

It is shov 7 n that how a sequence generated by cl LPSR circuit 
having some connection polynomial is related to another, 
generated by a LFSR circuit whose connection polynomial is 
related to earlier one in a particular manner. Circuits 
generating maximal sequences are analysed. Expression for 
period of output sequences in terms of input sequence period 
is also given. 

Chapter 4 describes a design larocedure for a LFSR 
circuit (including the c.iiculation of connection polynomial, 
shift register length and initial states) which can generate 
a given sequence of n-tuples. The synthesis procedure is 
based upon Massey' s algorithm. Appropriate flow charts arc 
given to explain the overall synthesis procedure, and the 
Massey's algorithm. Finally a computer program is given v/hich 
is used for LFSR circuit synthesis. Illustrative examples are 
also included. 

The thesis is conclud.ed in chapter 5, in which results 
obtained arc discussed and problems for further investigations 
are given. 

Applica tion of LFSR circuits.- A LFSR circuit 
translates a periodic sequences into another with some 
desired properties which can be achieved by proper design 
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of LFSR circuit ond thus c?n bv.; used in plococ whore some 
sequence is converted into another with some desired 
properties like oictcnsion of period or insertion of frequent 
transitions, A low of its applicotions are described here. 

One of the most importent eppliccLtions of LF3R circuits 

fs] 

is scrcmblors, Scrcamblers ' are digital machines vdiich 
translate a periodic data sequence into another with much 
extended period# This operation is most conveniently obtained 
by adding bit by bit/ a maximal sequence to the given secfaencc- 
Follov/ing factors are I'csponsiblc, for the use of scramblers 
in a digital data transriu ssion system# 

The frequency spectrum of a periodic digital data 
contains discrete lines. If such signal is to be transmitted 
through one of channels oc <i group modulation system, some 
nonlinearity in the devices may give rise to harmonics of 
frequencies at which discr^^te lines exist. Tliese harmonics 
may fall in the domain of adjacent channel and therefore single 
tone interference arises. Since tones (discrete lines) are 
generated in data tronsiixL ssion systems by periodic sequences/ 
and their amplitudes are inversely proportional to period, 
a larger period is desirable. 

Recovery of clock from the digital data is one of the 
major operations done by tlio receiver equipments. The clock 
is recovered using circuits which operate './ith zero crossings 
in the received data. Therefore if the transmitted data 



contains a string of 'I's only or ’O's only^ then tho 


performance of clock recovery circuit will degrade. Also if 
the transmitted data is p^^riodic with small period/ its 
frequency spectrum will contain discrete lines at frequencies 
different from clock frequency. Thus tho clock may get 
locked to some other frequency giving rise to timing error. 


From the above reasons/ wo conclude that the transmitted 
data must contain sufficient number of level transitions and 
should not have periodic data with small period. This is 
achieved by use of scramblers ^ . 

Scramblers, alongwith lengthening of data period, also 
do one more important operation, viz, systematic jitter 
suppression . Tiiaing jitter is the phase modulation of 
received signal due to some obliterations in zero crossings 
of received signal. This got ciccumulatod at every repeater 
stage and leads to crosstalk and distortion. The timing 
jitter related to pulse train is called systematic jitter 
and is mainly duo to ISI, finite pulse \/idth and clock thres- 
hold offsets. This can considerably be reduced by incorporating 
scramblers , 


Another application of LFSR circuits is encryption in 
which a digital data is translated into another by adding 
to it, bit by bit, a sequence. Wo vjill see later that this 
is achieved by possing the data through a LFSR circuit. 
However if a m-sequence is simply added to data, this 
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encryption is not secure rind can bo ducodod by a hit and 
fl 2 1 3 1 

trial motliodl- * If some nonlinear but rcversiblo opera- 

tion is done Xv'itli the date using sequences of high complexity 
the decoding becomes very diEficult and. can not bo done 
easily by hit and trialmothoc'. Generation of such soguoncos 
v/ith high.-r complexity is described by Kalouptsidis and 
Mo nciar aki s ^ ^ ^ , 

The LPSR synthesis algorithm has got a very important 

r 9 1 

apiolication in decoding of BCH codes, BCH codes^ are cyclic 

codes vdiose generator polynomial g(x) is chosen to be a 

minimum degree polynomial v/ith coc^f ficionts in GF(p) having 
m m -fl m + d-2 

0 - G /,,, e as roots/ where oC is a specified 

nonzero element of GF / m^ is a positive integer and d 
is an integer larger than 2 such that d-1 specified roots 
of g(x) arc all distinct. This code has lengtla n, distance 
d and code redundancy r/ where n is c;qjonent of g(x) 
and r is its degree. 

If a BCH code/ dG3cribt.jd by the polynoraial 
f(x) * f^-rf^xt, . . -1- , , , 1- f^^_j^x^ ^ is trensnutted and the 
received vector r(x) has some errors# then the weighted 
power sum symmetric function associated with the error 

polynoinial g(x) = r(x)-f(3:) is defined as 

= e(i‘.^) i=l/ 2/ 3. . . 

and therefore S. - r(a^) i=m /m+l,*»m d-2 

1 o o o 
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If t errors ooeur then e (x) has t nonzero 

components. If nonzero component e (x) is the digit 

e, then X.= cJ'" is crlled the error locator and Y.= e, 
k j 1 k 

is the error magnitude and these are ‘related to as 

^ i 

S. = S Y . X . i=l, 2,3... 

X J J 

ri5 1 

Forney'- has shown that Yj can be determined from 

the knowledge of IX . Thus the essential BCH decoding problem 

reduces to determination of X ^ knowing 

i=m ,m -1-1... m +d-2 
o o o 

r9 1 r 8^ 

It has been shown by Berkkcunp'- and Massey*- tha%. 


and 


and 


m. 


+ S 


'm -!-l 
o 


d + S 


m 


d^t 


-h 


= 2 . 1^1 
c(d) 


where d is the delay Operator 

t m t 

p(d) = S Y. X.° Tr (1-X,d) 
j=l ^ ^ k-1 

k;^j 
t 

c(d) = TT (l-x.d) 
j=i ^ 


and c(d) is the connection polynoinial of a unique shortest 

LPSR over GF (p^) that generates the sequence S ,S , - ...S , , 

m m + 1 m -i-d 

. o o o 

The roots of cCo-) arc reciprocals of the t error locators. 


Thus knowing the obtained from the jpfcceived vector, 

we can design a LFSR which generates the sequence 

i=m^,m^+l ... and the roots of tlie connection polynomial 
of this LFSR can be used to find the error locators^^^^ and 


hence the errors 



CHAPTER II 


MATHEMATICAL P REL IMINARIES 


This chapter includes relevant text on algebra of galois 
fields and representation of field elenents by polynomials, 
n-tuples and matrices. The set of all binary n-tuples also 
represents set of elarnents o'^ GP(2^) and has a one-“to—one 

correspondence with set of binary polynomials of degree less 
than n. The multiplication of n-tuples is equivalent to 
multiplication of an appro ori at ely chosen n x n binary matrix 
by a n X 1 vector* The procc<lure to obtain these matrices, 

r 

given by Friedland and Stem*-' is explained in this chapter, 
and an alternative procedure is also given. Representation 
of sequences using d-operator, and their representation by 
polwomials in d is also described. Since adequate literature 
is available on these topics, relevant results are quoted in 
this chapter without proof/ details can be seen in the 
references [17] through [20], 

2*1 Finite Fields and E x tens ions In this section, 
definitions of finite field, extension of finite field and 
other relevant terms are given and the repres citation of 
alonents of extension field by polynomials is described. 
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2.1-1 F inite Fields 

A finite fi^ld is defined ns an algebraic structure 
consisting of a finite set S nlongtArith two binary operations 
© and 0 r such that 0> is an abelian group under 
addition, and the set of all nonzero elcracnts of S, alongwith 
the operation 0 forms a cyclic multiplicative group, and Q 
distributes over 0 . 

The operations © and (7) are knovai as field addition 
and multiplication operations, and are generally different 
from ordinary operations. Field is denoted by<S, @ , 0>, 

Finite fields are also callvod modular fields or galois 
fields, and are written as GF(q), vrhere q is the number of 
elanents in the field. q'’ has to bo either a prime number, 
or some integral power of a prime number i.e. q = p’^, n=l, 2, 3 . . . 
and p is prime. 

A number of mathomaticsl structures may be used to 
represent the elcsments of a riold. If tvx) fields are such 
that they have equal number of elements, and there is a one 
to one mapping (p between the elements of the two fields say 
F^ and F^ such that 


V (a 

© 

b) = 

<P(a) 

Vih) 

Via 

0 

b) = 

Via) 

0 vih) 


for all a,b £ ^ 2 . w-ith field operations @ and Q 
and via), <P(h) e with field operations a and o 
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than tho tvTO fialds ara said to bo isomorphic. In this 
thesiS/. all isomorphic fields having q al aments i 
will be denoted by GF (q) , Khan n=l, it is vary convenient 
to represent the eloaents of ;:aa field GP (p) by the integers 
0, ly 2y. ^ . p~l/. and to define the operations @ and Q as, 

a+b < p 

atb > p 2 . 1~1 

a-b p 

pi < a.b p(i-!-l) 2-1-2 

where a and b ar^.. .slaaents of the field and ' and ' 
are ordinary addition and multiplication operations. This 
field has p elem ."nts and is ’iTritten as GF !p) . The 
operation © is called addition raodulo-p. 

E xam pi o 2.1 Considvir C3-F(2^- Tho ol'Cments are represented 

by 0 and 1. 


Then 0 (3 0 

= 0 

0 = 0 

• 

/ 

0 

O 

11 

O 

X 

0 

= 0 

0 © 1 

= 0 

+ 1 = 1 

• 

/ 

0 

0 1=0 

X 

1 

=: 0 

0 @ 0 

= 1 

+ C ^ 1 

/ 

1 

1 — 1 

11 

O 

© 

X 

0 

=: 0 

1 © 1 

1 

-h 1 r-. 1 1-1-2 -O 

* 

1 

0 1 = 1 

X 

1 

= 1 


2.1-2 P i eld E xt ens ion t - 

Consider a sot T having clftnents where p is a prime 
number and n=2y3,4... . Let // and -;f- be t^^^ binary operations 
such that <Ty# ,*> is a field. Lot S b a subset of T 
having p elements and <3,4-/ > be a field isomorphic to 


® b = 


a O = 


a-i-b 
a-:-b~p 
a . b 

a.b-pi 
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to GF(pj. Then thi fiold < T, ,-r^ > is said to be an 

oxtensicn of <3,^1 , ‘ n' is called degree of extension. 

The n"^^ degree oxtexioio.i of GP (p) is 'ivritten as GF (p^) . 

do'^j- We shall sej hov'7 GPCp^”^; can bo formed from GF (p) . 

For this, following definitions nro useful. 

• -x ^ \ . , - , . n~l , n 

A polynomial g (.x-> = q^tg^x l q^x -i-. . . t. . . -!-q^ ^^x -i- q^x 

over a field GF (p) I i..,. the coefficients are from 

GF(p)} is ^aid to be reducible ov :;r this field if it can be 

written ns a product of two pol];/nomials over GP (p) , Otheanwisc 

it is said to be irr-educible- 

Thj oxponaat of a polynomial is defined as the least 
integer e such shat the polynomial is factor of 1-x h 

An irreducible polynomial of degree n over GF(p) is 
said to be primitive if its ;xponent is q^-I- Nov; consider the set 
of all polynomieis over GF(p)/ v/ith degree less than n. 

i . c. T ^ { (a t a. x+. . . + . . .+a t x’^”^) /a. s GP (p) , 1=0, 1, 2 . . .n-1 } 

and let g(x) = g.-l- !- e^x .tq^^ ^x^~^+ x^ 2.1-3 

bo an irreducible polynomial oi degree n over GP(p). 

th 

Th'on < T, > is defined as the n degree extension 

of GP (p) and is vritten as GF(ni^), ^^rhere the fiold operations 

# and * vare defined by 

n-1 . 

a(x)# B (x) = S (a. @ b.}x 

1=0 ^ ^ 


2 . 1-4 
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A(x) B (x) 


2n-2 1 . 

'Z (a. 0 b. .) X mod 

i=C jr_-0 ^ 


2 .1-^5 


v/hcro 


n-l 

a(x) “ n.x e T 

i=0 ^ 


B(x) = b.x r T 

1=0 ^ 

a^/b^ e GP(p) 

© and 0 aro GF (p) oporations 


and mod q(x) moans whonovcr powor of x oxco-'dls n-1, x’^ is 
replaced by x^-a^x), where q(x) is given by 2»l-3. Thus 
RHS of 2.1-5 is a polynomiral of dogr.-e less than n and 
therefore is an element of T. 

It con be verified that the set S of all polynomials of 
degree zero over GF (p) is a subset of T and < ^ # > 

is a fiol''! isomorphic to GI-'Cp). Therefore < T, ^ / “• > is an 
n"^^ degree extension of GP(p). The operations ^ and are 
called addition and multi nli cation modulo [p, q(x)] 


^ Represent ation of f io ld, .e^jjn^nts^ by power of primi tive 

e lement ; 

An elcmient of a field GF "a) is said to be a primitive 
eleraent of the field if it can gen'^-rate all other nonzero 
elements of the field by repeated multiplication of itself. 

The order of a field element is defined as the least 
integer, to which the element should be raised to get the unit 
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clcsnent of tho fi.'ld. TT-iu?^ « is n fi-ld olomait: and 

<yy - 1 / 0 '^'' f. 1 for k : v than v is tho order of cc . 


n-l 


Th.. ord.r of a primitive ^-lanent of GF (q) is q-l.r^-iX = 1 

In any field isomorphic to GF(q), thcr.i are a number 

of priraitive oljm:nts. One of thorn is ropresontod by some 

2 3 ‘1 

symbol a. Then others are written as a^~ . 

Consider the field GF(2'^). Hjre p=2, 
n=:4. Let q(x) = l-hx+y^+y ? be an irreducible polynomial 
over GF(2). 

Then T := { 1, x, , l-!-x, Itx'^ / 1-1- x^ , x-fx^ , x-l-:;:^ , x^-l-x^ , l-tx-i-x^ j 

l+x-l-x'^ , 1-f-x^ -;-x^ I x-l-x"^ -i-x^ t l-l-x-l-x^ -i-x^ / 0 } 

9 3 3 2 2 

We see that the polynomials l+x+x^" / l-l-x+x / x-i-x'^ / l-tx /Xtx', 

3 2 3 

H-x, 1-i'X ,X'i-x +x have order 15 ruid theroforo can be choson as 

2 

primitive dements. Choosing x3-x as primitive element and 

denoting it by a, the others can be obtained by repeated 

2 

multiplication of xtx’" by itself in a manner defined by 
2 - 1-5 . Thus 


1 

a 


(x-f-x" ) '-f- (x-fx*^) 

2 , 4 
X -I- X 


x-i-x 


X 


■ J r M . 2,3,4^ 

-i- be -(1-l-x-x -i-x -l-x ) 


2 9 a 

= X -M-l-x-i-x -l-x"^ 


1-i-X 


-i-x 
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= (l+x+x^) w (x+x^) 

, 3a. 4, 5 

= X+X +x -I-X 

3 , / 4 1 2 3 4 ^ 

= X+X +VX -1-X--X ~X ~X J 
+ V.X -1-X-X “X —X / 

. 3 , , 2 , 3 

= X-l-X +l-r:c^x -l-X 

-L. . 2 , 3^4 

+X'I-X -i-X -i-x 

no. u 3 4 . 2 3 4 N 2 

= 1+xrl-x lx -1-x-x -X -x ) - X 


nnd we can procc^ in a similar mann -'r to got 

,4 


a 


a- 


a 


a 


1 


a 


8 


^ l-l-x-hx"" 

" 3 

= 1 -^^^“-!-X 

1 . u ‘ ' 3 

= l-i-X+X tx 

= 1-l-X 

-> 

= X ”“X 


a* 


X 


a 


10 


= 1 


a 


a 


12 


13 


, 2 , 3 

+ X +?. 


+:r 

rT 

X-rX +X 


1 , 2 

0^ =1 tx 

16 " 

= 1 


2 ‘2 Ot her Reprt;;sentation s ol ii'i eld El am. onts t Mathematical 
structures other than polynomiols are also used to represcaat 
the oleraents of G?(q). In this section, wo show that vectors 
and matrices may also be used to represent elements of GP(q) , 
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Lot T bo tho sot of all ixilynopiials over GF(p) with 
degree- loss than n-l, ns dofinod in previous section ♦ Lot V 
bo the Sot of all n x 1 vectors with olninents from GF (p) . 
Define a mopping cp from V to T ns 




Than we soo that the sot of all n x 1 vectors over 
GF (p) can represent the elements of GF Cq) . Now wc shall 
find the procedure to add and multiply these vectors. 


be t^ivo el'Oments of V. 



1 


-r 


a 

o 


^o 

Let A — 

1 — 1 
rj 

and B_ = 

^1 


* 

* 

• 

'"n-1 


«r 

b 

n-1 , 


then ths.‘ir sum can be obtained by the procedure given by 
2.2-1. Since 

■j ol^**^*! 

(a) = a + a-x-i-...:-a t ~ = XI a.x = a(x) 

o . n-1 1 

*1 y. 1 n 1 j 

cP”-^(b) = b b.x-i-...+b ,x = S b.x^ = B (x) 

CD .%• ID ***’^ .X. « .*)■ 

i==0 


(p ~^(a)# a A(x) # B(x) 


n-1 

=t 2 ( a . t b . ) x^ 

ir^O ^ ^ 


using 2.1-4 


A# B = <p(a(x: # B(x)) 

= *^((a @ b ) +■ (a, b, ) X +» - , t . . .+ (a n ©b ,)3 

o Q 11 n-1 n-1 


"■o ® ’"o 

•V® h 


a T (S b , 
n-1 n-1 


or 
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a 

■ o 


i - 

o 

\ 


r <S) 

o 

b 

o 

^"1 

* 


^1 


a ® 
« 

b 

» 

# 

* 

rt 

« 

# 


1 

* 


b. 

I. 

• 


a® 

0 

4 

b. 

1 

* 

'\-i 

1 1 
! 1 

* ‘ 

b . 
n^l 

1 

m 

‘"'h-i 

® b-i 


L J 

1 


- 


The multiplic'' tion o£ two vectors con be nchieved by 
procedure given by the following lemma. 


2 . 2-2 


the 


L emma 2,*1. The multiplico bion oc two vectors from the set 
of n X 1 vectors corresponding to set of polynomial of degree 
n~l is equivalent to mul biplicotion of an x n matrix 
corresponding to one o6 the vectors by the other vector. 


Proo f . The multiplication o'"- A and B can be done by the 
procedure given by 2.2-1. For bhiS;. v/e first multiply 
corresponding polynomials 

2n-2 i 

a(x)*B(x) = S T (a. 0b. ,)x^ mod q(x) using 2.1-5 

i=0 j=0 J 

The product aCx)"^' B(x) includes terms hr-’ving powers of x 
higher than n-1 which are to be reduced modulo q(x). For 
this, we write using 2.1-3 


n 


X ' 


n-l-1 


- q ^- qi = 


X 


2 

c ■ 
2 

-q^x - q^x - 
-q^x - q^x2- 


C[q X — ex 


T 1 

ti-i 


n-1 


» * « 


n-1 

■^n-2^ ~ <3n-l^ 

n-l 


n 


*"^n-2"’^ 


+'3o'3n-r + ‘l2‘3n-r^+" 

2 


( 




n-1 
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In otherwords we can vrrite 
n _ ^(n), ^(n) , ^(n) 2, , n-1 

X = Qi X + X +. . . -F, . .-:-0 -.x 

o 1 ^ n-™i 


n-M 


X 


0 (n-{-i)., o (n+i) Q (n+i) _2 , (n-hi),n-l . . ^ -3 

Wq ' X X -1-, . . -I- . . .--Q^ _ -j X f 1=1, 2,3/*. 


^n-1 


(n+i) 2 '2**3 

where the coefficient are given by the recursive 

equation 
Q 


(nti-;-l) 


a 


(nti-hl) 


o 


and Q . 
J 


(n) 


^(n+i) ,,(nii) . i t 

— " gj ' J— 1/ 2 / * . .n~l 

P, (n+i) 

= - g U 

^o n-i 


-q. 


2*2.4 


Therefore x^ , x^ ' x^’^^...etc. can be v/ritten in terms of 

n-1 degree polynomials in x. V7e can \.rribe x^, x^’’'^ . . . : 

. ^ 2 n-1 

in taras or X/X ...x as the following matrix equation 


2n- 


n _ n-f-l n-h2 2n-2- - 7 


r n 
[x > 


']=[! 


X X 


where the coefficients O 


(n+i) 


n-l-| 

X j- 


(n) Q(n+1_ (2n-2) 

0 o o 

Q (n) p (n+1 

1 ^1 


Q(n) Q^n+l 


(2n-2) 

1 

(2n~2) 


(n) , (n+l) 

n-1 '‘n-1 


Q 


(2n~2). 


'n-1 
2,2-5 


are given by 2.2-4. 


Noxv we can v/rite 
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2.2-7 


where the matrix A = [a^ . | on the RHS of above equation is the 

matrix appearing in the bracket in the RliS of Eq. 2.2-6. 
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Thus we See that multijplication of two vectors is equivalent 
to multi olication of a n x n matrix whose elements depend 
upon the elements of A and coefficients of q(x)^ by the other 
vector! however computation of the above matrix A by this 
procedure is quite involved and v/e give a simple procedure 
to compute this matrix after the following example* 



■ Q- 


' 

» l:4ultiply - 

1 

and B = 

1 


1 


1 

1 


1 0 
. j 

1 

1 


given q:(jc) ■=> l+x+x^-f-x^+x^ . 


2 3 

The equation 1+x+x tx'^+x 

^ , 2 3 

X = 1+x+x +x 


O gives 


X 


= 1 


X+X^tX^ tx"^ = X+X^tX^tl-il-X+X^'l-X^ 


X 


Therefore 


r 4 5 6-i 

[x X X J 


r 1 2 3 n 

X X X J 


A(x) * B (x) = [l 


X X 


1 

1 

1 

1 


-Aj- 


1 

0 

0 

0 


0 

1 

0 

0 


0 

0 

0 

0 ' 


m « 

1 

1 

0 

0 

0 


1 

1 

1 

0 

0 


1 

0 

1 

1 

0 

J 

* ' 

1 

J 
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Recall for Ex. 2. 2 that A = a, B = and therefore 

7 

A* B = oc . Therefo;re result is verifirsd . 


c .edu re. to obtal n the matr ices correspondi ng to vect ors j 
It has been shown in previous section that the multiplication 
of two vectors is equivalent to multiplication of a matrix 
corresponding po one of the vectors by the other. Nov” we give 
two alternative procedures to determine the matrix corresponding 
to a given vector. The first procedure is the one described 
by Friedland aid Stem^ . Then another procedure is given 
and it is proved that the matrices obtained by both cases 
are the sajs^o. 

Let a(x) and b(x) b'’ tvx3 polynomials of degree n-1 
arvcl A and B be corresponding vectors. The product of 
a(x) and B (x.' can be 'written as 

C(x) = a(x) B^.x) = (a + a,x t a„x^-!-...+a .x^ ^).b(x) 

o 1 2 n-1 

= a .B(x)+ a, .x.B(x) -f a^x^ ,B (x)-!-. . .-t. . kta tx'^''^.B(x) 
o 1 2 n— 1 


Writing C(x) and B(x) in vector form, we get, 

c = a B + a,x B -f a^x^B a -,x”'”^B 2.2-8 

"■ o “■ j_ ~~ 2 — n-1 — 

where B is representing the polynomial b^-i-bj^x-l-b^x^-^. . -+b^ 

If the multiplication is modulo-g(x), x^ is replaced by 

x^-q(x) and therefore 


X 


.B(x) = b X t b,x^+...-!'b b . x’^ mod q(x) 

' n-2 ’''-T ^ 


n-1 


= (b^~q2b^_3_)x2+... + ...+ 


(b 


n-2- ^n-l^-l'^ 


n-1 
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or in thc= matrix form, 

0 0 ... 0 —a 

■X) 

1 0 ... 0 -q^ 

0 1 . . . C -g^ 

• • « 

* *» # 

0 0 1 

-j 

Substituting 2*2-9 in 2*2-8, wo get 

or C = (alt BtM + *t a .B = A.B , 

— o— 1— 2-“ n-i— — »=«. — 

where A = alt a^M t ^ .-i- a ^ 2*2-10 

rs Qr.i; I.— 11 — 

0 0***0 - q ^ 

1 0 . . * 0 -q^ 

0 1 • ♦ * 0 

« 

# 

0 0 ... 1 ..q 

j.i“ 

The matrix M is the companion matrix corresponding to 
the polynomial q(x), and using po'^'^ers of M , the matrix A 
corres]X)nding to the vector A can be constructed. 

Now uo give an alternative procedure for construction 
of A , Lvit 2. primitive element of GP(p^), where 

the elem. 3 its of GF(p^) are represented by vectors over 
GF (p) . Therefore a corresponds to some polynomial say 
o^o"*' cCiX+.-.+ttn and let some povxir of a say 

corresponds to the polynomial x» Therefore 
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a"^ = 


and ^ corras ponds to and thus 



‘o' 


'o ■ 


"O’ 


r 

a2v = 

0 

1 

; a^v = 

0 

0 


0 

0 

"1 

and a = 

-qp 


0 


1 

* ! 


0 

♦ 


m 



1 

j 

j 

* 

9 , 


_1_ 


♦ 

-q n 
tl-1 


^nv 


since a corresponds to 


n 


n~i 


which is equal to 


Now let a be the matrix corresponding to 2.* 


Since a •5<' 1 

and similarly 2. £ 


a 


therefore cc.l = a 


V 


„v-l-l ,, „ „v ~v+l 

n; therefore = 0 : 


* , „(n-L> „(ii“l^v+l,, „ „(n+l)v „(n~l)v!-l 

a -?c- a = £ therefore £♦£ = £. 

We can verify that all other eauetions can be represented as 
linear combinations of the above n equations. The above n 
equations can be vnritten simultaneously as n columns of the 
following matrix equation 
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r V 2v 

ja.l a.a^ aa 

L. •-*-« fc « • “» *- v" SE3“ ■" 


or a r 1 a'^ — . . ,a 


.a .oc 


(n-l) V- 


(n-l) V' 




-!-l „2v-l-l ^(n-l)v-M- 




2.2-12 


The matrix [ 1_ is the unity matrix 


and therefore 2.2-12 becomes 
^ _ r r_^ r.v+1 „2v-i-l 


(n— 1 ) v-i-l- 


?. = [ 21 2 2 “* 2 . 2-13 


This is the matrix corresponding to the vector a 


'1 ‘ 


The i power of this matrix is obtained as follows. 


= ^ a 

= a^”^[a (X a a , , ,a a 


or = [a^ 


^(n-Dv-i-ij 


2 . 2-14 


Now let us prove that tae i^^ power of a corresponds to 

tllL 2 1 

i power of 2. 'Ti'i the two sets Ca cr,..~a^~ } 

and 12^2. *'••2 I tiave a one-to-one correspondence. Suppose 
corresponds to 2^ and 2^ corresnonds to 2^- Then it is 


ufficiont to prove that corresixDnds to 2^'''^'* Since^ 
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and therefore 
which corresponds to 


[a/ ... 

[J a^+J g2v+j ^^(n~l)v-!-j 

J 

= a^-.r crj 


] 

] 


a 


(n-l) v-ri-i- j 


The matrix 2. given by 2.2-13 can further be simplified. 


Since 


,v r„v .„v+v .^ 2 v+v ^ (3-1-1) v-:-v-i 


?7- [?. ?7 


J- 


0 0 0 
10 0 
0 10 


» « 


** -90 

• • ~<^i 


'^2 


f= M 


# # 


« s 


0 0 0 


-^n-lj 
( from 2 . 2 .-II) 


and 


2.^' = 

therefore Eq. 2.2-13 becomes 



2: = [ 

a a 


OC 4t * 4 • • 




= [ 

V 

a a . a 


O' * • m • # 

. ct] 


or 

~ [ 

a M. a 

M?a 

w « * « 

. a ] 

2.2-15 

and 

therefore Eq. 2 

.2-14 

becomes 




a ^ = 

[ 2 .^ 

2 i 

M7a_ 

• » • *• * 

• 2.^] 


or 

A = 

[a m*a 

2 

MTA 

m * • » « 

1 1 

rH • 

%ll 

• 

2.2-16 

where M 

is the companion matrix 

corresponding to 

irreducible 
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polynomial q(x) given by 2.2.11 and A is the matrix 


equivalent of the vector A 


for any value of i. 

No \7 we prove that the matrix A given by 2.2-16 is 
the same as given by 2.2-10 follor.7ing Friedland and Stern's 

procedure 


Since 1 


1 

0 

0 

* 

* 

4 

0 


/ a 


V 


0 

1 

0 

» 

0 


a 


(n-l) 


V 


0 

0 

0 





1 


: (n+i ) . 

^o 

and sijnilarly = 


’ r: 

"O 

-.(a) ^ 

; ; 

Q ( n+1 ) 

1 


"?2 

# 


1 

(n) 

V2 


P (n-l-l) 

; . 


^ “^n-1 

/mil 


:Q<h> ' 

1 Ti-1 ^ 


ini-±) ■ 
_ ^n-1 


1 — 1 ^ 2^3 


V 7 here are given by Eq. 2 ..2-4. 

Therefore we can write 


I = 

L i ■■■ 

^^(n-l)v 

M = 

[ 2.^'" 2^'' • • • 

^nv 

M^= 

M.[ a7 0,3'^.. 


r: 

[a^v ... 

^ (n+l) V 


and similarly higher pov/'^rs of M can be written as 
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M 


,jl j- ^,iv ^(i-l-l)v ^(i-l-2)v 


a 


« «> » 0^ 


(i+n-l) V- 


2,2-17 


Therefore the matrix A giv^n by 2,2-10 cc.mi be vrritten 
using Sq, 2.2-19 as. 


= a T + 
O' 


9 

♦ *•+< * 4“!'“ 

a 

n-1— 

“ 


a^'' 2,="' _ ... 

(n-l) V-, 

h J 




] 


'L'' 

„(n+l)v^ 


-^a 


h-1 




a 


(2n-2 ) V- 


J 


th 


The i ' colum of the matrix A is therefore 

(i~l)v , iv (i-f-l)v, , , ^(i+n-2)v 

T □. 'r 3. CC +, , .-I-, . .-i-iT 


a a 
o 


. th 


• -2- '^n-l- 


2,2-18 


The i ' column of the rmabrix A given by Eq, 2.2-16 is 




a a 
0-“ 


(i-l)v , „iv 

-}- o CY. 


a, ,«■"'' + . .+a . cc 

1— 2" n-1 


"1 
^2 

^n-]J 
(i+n-2 ) V 


which is the same as given by Eg. 2.2— IG and therefore the 
matrix A corresponding to the vector A given by both 
procedures is the same. 
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The various steps involved in computation of the matrix 
A corresponding to some vector A are follov^ings 

(1) Chiostitict the companion matrix M corrasjponding to the 

given irreducible polynomial q(x) 

2 1 

( 2 ) Compute the products **♦ ^ 

( 3 ) The matrix A is given by A = [ A MA M^A ♦. , M^"^a] 

E xampl e 2.4. Find the matrices corresponding to the vectors 


r 1 

0 ■ 


" 1 ■ 


0 ; 

‘ and B - 

0 

, , , i 

using q(.xV = 1+x+x and find the 

1 


0 


1 _ 


. 1 J 



products A*B and B-;:- A . 



' 0 

0 

0 



' 0 

0 

0 

1 

Here M = 

1 

0 

0 

H 

1 


1 

0 

0 

1 


0 

1 

0 

-■^2 


0 

1 

0 

0 : 


, 0 

0 

1 


i 

0 

0 

1 

0 ^ 



H. •«« 

1 . 


1 



” 0 

SfS 


• M^A = 

0 


; M^A = ‘ 

^ 1 : 


0 


1 



0 


1 

L, J 


0 


' 

1 ' 


r 1 

1 


' 0 



~ 0 ; 


0 

; = 

1 

1 

; = 

0 


0 


0 



1 


0 


0 



0 
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Therefore = B.:-A is verified* 


From the preceeding disciJSPion, we conclude that the set 

2 ri— 1 

of 3-11 n X 1 vectors over GF (p) has a one 
to one corres'pondence with the set of polynomials and similarly 
the set C A ^ A , . . .a^“ , (pj of n x n matrices constructed 
by using 2.2-16 has one to one corres'oondence with the set of 
vectors such that A corresponds to The multiplication 

of two vectors is achieved by converting one of them into 
corresponding matrix using 2.2-16 and multiplying it by the 
other vector. Thus the set of all n x 1 vectors over GP(p) 
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alongwith the multiplication and addition operations defined 
by 2.2-2 and 2-2-7 represents a field isomorphic to <3F ) . 

Siittilerly the set of matrices obtained from the elan on ts of 
the set of vectors using 2.2-16 alongvrith matrix addition 
and multiplication operations also represents a field 
isomorphic to GF (p^) . 

2 .3 R epr e senta tio n of s e cru cnees. 

A sequence S is an ordered set of el aments from some 
Set and is \.7ritten as S = s^s^S 2 ... . A sequence is 

periodic with period P if s. = s. , for all i=0, 1, 2, . , . P-1 

J. 1-rKp 

and k=l/2,3*.. • The sequence T = suid to be a 

shifted version of some sequence S=s^s^S 2 ... if for all i > 0, 

t. ,p, = s./ and t = t, rr 

rtl-' 1 o 1 

In this case vre say that T is equal to S shifted by P bits. 

If some sequence S=s^Sj^S 2 »-* is delayed by one bit, the 
delayed s squence can be considered as equal to the seqU'sneo S 
opcrat^xl upon by a unit delay orv»rator, which is written as d. 
Thus 

d {s^Sj^SpS^*-. } — {0s^Sj^S2##.} 

oimilarly if we denote the infinite sequence 

10000 ..... by 6 , v;her 6 = 1 an d 5 ■ ^ =0 

■ o 1 > o 

tbi£ 2 n v/e can write. 


tp 0 where xs some integer. 
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10000 

01000 

00100 


n 

= o 



and tharofore tha sogu ;nce 0 - • • • can bs written as, 

S = 


or 


s s.s,.s 
o 1 2 3 

r: S 00000 

o 

-1- Os ^0000 

-1- 00s ^000 . . . 

'I- OOOs^OO » * * 

-I- • . . 

o ^ 

- 3 .f; + s,d5 -1- s„d‘^t 1- G A-'-. , 

O J- -C O 

2 3 

= (s^.'-s^d -i- s^d -I- d -i-. )5 


= 3(d) 0 


This is called the polynomial representation of S . The term 
6 is generally understood and is omitted. The polynomial 
S (d) can be obtained by the following equation; 

s(d) = 2 s.d^ 2.3-1 

i=0 ^ 

and is called the d-transfonn of S 

If a sequence S is periodic v/ith period P, then it can 
be written in terms of its u-treuasform as. 


s (a; 


s + s,d + s„d^-:- .'.+s - d^"^-!- s d^+-., + .. 

o 1 2 n-l o 


d^^"+ s d^. 


,2p-l 

? T vO. 

P'-'l o 

= (s^+Sj_d+S2d^-i-. . . .-!-Sp_^d^^"^) (n-d^-td^^+. . , ) 
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Thci polynomial l+d''^-l-d^^--r. . .-I*. . » is a formal geometric series 
and can be summed up to give 

ltd^-rd^^+» " -- 

l~d‘ 

since (l+d^+d^^-:-. . » ) (l~d^) = 1 and 1-d^ 5^ 0. 

Therefore expression for Sid'i becomes 

2 p *— 1 

S(d) ....Jl-li 2.3-2 


The RHS of above equfition may have common factors in 
numerator and denominator polynomial/ and can be cancelled. 
Therefore wo may write/ 


qfal - 

^ - DldT ’ 

In othervjordS/ a p:riodic sequ^ince can bo written as a 
ratio of tv;o polynomials in d. 

A ( 1 ) 

Supioose 3- rational polynomial represcaiting a 

sequence such that A(d) and B (d) arc relatively prime. 

We know that there e:d.sts an integer e such that B (d) is a 
factor of l-d*^ i.e. B (di S'” (d) = 1-d'" 


A(d) A(d).B'(d} 
BTdT = B (dT.^^-CdT 


1-d® 


Thus ratio of two rcla-tiv jly prime polynomials in d 
represent a sequence whose period is equal to exponent of the 
denominator polynomial- 
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i^xample 2«5 * Ropresont the sequence 

S = 0111101011001000111101011001000111... over GP (2) 

2 

by a rational polynomial. Find T{d) = d S (d) and 
verify that T is a delayed version of S by 2' bits. 


Here S(d) = S s.d 
i=0 ^ 


or 


S (d) 
T(d) 


# 

* 4 


^ .^2 .^3 . , 4 ^, 6 ^ , 8 .- 9 , , 12 _^, 16^17 . , 18 ^ 19^,21 ,23 
= d+d +d -fd +d +d +d +d +d -fd +d +d +d +d 

td^^+d^^t... 

= (d+d^+d^td'^+d^+d^td^+d^^ ) (l+d^^+d^°-f- . . . ) 

d+d^+d^+d^+d®td^+d®+d^^ 


15 


d 


1+d+d^ 


dr 


ltd 


^3 , ,4 , ,5 , ,6 . ,8 ,10 , ,11 . ,14 
d -!-d !-d -i-d +d +d +d +d 


1+d+d^ 1+d^ 

T = 00011110101100100011110101,. 
and we see that 


t =5 t, = t/, =t O 

o 1 2 


^i+3“ ®i' 


and 



CHAP TER III 

OVE R GF (2^ 

In this chanter. Linear feedback shift register (LFSR) 
circuits over GF \ 2 ^) are studied* Expressions for the response 
of LFSR circuits are obtained* It is shown that the response 
of the LFSR circuit can be viewed as n binary sequences put row 
by row* Properties of the autonomous response of LFSR circuit 
regarding periods of individual rows, and their relationship to 
the period of vector s€iquence are studied* In the case of 
maximal length sequence, it is shown that the individual rows 
are shifted versions of the same binary sequence, and the amount 
of shifts is calculated* 

An expression for the total response in terms of the 
input sequence, the initial contents of the shift register and 
the circuit constants is derived. The periods of the output 
sequence are calculated for cases when the input period is 
(i) relatively prime to (ii) integral multiple of, and (ill) 
equal to the autonomous period* 

3 »1 C ircui t Descr iption by State Equation : — 

As has been discussed in Chapter 1, LFSR circuits are 
special class of linear sequential circuits, and such a circuit 
with single input and single output can be described by the 
equations : 
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ri lC+1 ) 


;lk) ^ ^u(k) 


3 ’^1-^1 


y(]c) 


C + D 


3 


f V ) f V ) 

is the state vector^ and 


where is the state vector^ and are the input and 

, <v3 ro ro 

output respectively; and A, B, C and D are matrices of the 
following form; 


\ ^ s 
0 0 


c c 

m~l m 


0 0 0 


( mxm) 


( nod ) 


F"! ^2 ^3 "• 


m-l m 


( Ixm) 
(1x1) 


G 2 arc called tlio tap coeff icitaits • When the LFSR 

circuit is over the field GF(2^) with nxl vector elements the 

^ ro f\ji 

elements of A, B, C and D become vectors, and their product is 
obtained by the method giv-ai in Lemma 2 • Equivalently, elements 

rO ro ro 

of A, B, C and D can be converted into corresponding nxn matrices, 
and ordinary multiplication operation may be used# The equations 


describing the circuit then become 


3 .1-3 



40 




3 ^1*^4 


where 


C » m ■» C _ 
t^3 =1X1-1 


3 »l*»5(a) 


22 23 


Spl'^Sih) 


XarJ^ ors. umt o-nc^ 2e>T> eie.m^n\s of Gif^sJ^) CXnck Ore. Uftil” o^r^eL MuIt malVtCei r^l’ecb.\/el 

Here X is the state vector whose elemoits are the state variables 




and these stcite variables are elements of GF(2^) 


and themselves vectors# A, C and D are matrices of the form 

described earlier, but their elements are nixn matrices 

representing elements of GF(2^) and therefore are the powers of 

(k) (k) 

the cortpanion matrix M * U and Y denote the input and 
output sequences of n'^tuples respectively* 

For the case of GF(2^) which is considered in this chapter, 
the polynomial q(x) has coefficients from GF( 2) and tlierefore 
becomes 


c ^ -i , , , , n-1 , n 

qCx; = 1 +q^x + q25c +•-•+ + x 
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and for the companion matr5:': given by 2 .5i •11 = 1 and. 

e GF(2) . 

The LFSR circuit over GF(2^) is shown in Fig* 


Exa mple _3<d ■; Find the LFSR circuit whose tap coefficients are 



"o' 


'l 


h' 


r* 

1 

^ = 

1 

.0.^ 

^ ^2 == 

1 

loj 

? £3 = 

i 

1 

I 1 i 

■* 0 *— 

j 

0 

' 1 1 
L j 


3 

and q(x) = 1 +x-S-x 


The coitpanion matrix corresponding to q(x) is 


M 


0 0 1 
10 1 
0 10 


The given vectors are converted into corresponding matrices 
using 2»2-*16^ giving 

1 0 l" 

111 / 

Oil 



'1 

1 

■i 

P 

1 

o' 

c = 

1 

0 

0 

/ C = 10 

0 

1 

=3 

.1 

1 

0 

f 

=4 1 

!i 

0 

0 . 


The LFSR circuit is of the type shown in Fig » 3*1 with 

C , C , C , C given above and m = 4 » 

= 1 ^ -?/ = 3 ' =4 


0 

0 

1 


1 

0 

1 

/ c = 




=2 

0 

1 

0 



3*2 Respo nse of LF S R C ircuits : In this section, we derive 

an expression for the total response (output sequence) of the 
circuit shovm in Fig® S’li* The LFSR circuit is described by 



F-2 



— J-. 
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ecnj-ations 3 'l-S aad 3»1'"4 v/here X is the state vector representing 


the states X^ 


» •» Xji a mxl vector form/ and the individual 

,(k)„(]c) ^.(k) 


states are themselves nxl vectors* The states 2^ X 2 " ' '■tm 
at instants Tc = l/2/3/'»»* can be obtaii'ied by putting Ic = 1/2,3/ »“*• 
and can be written simultaneously in vector form as 

__ etc* Therefore from eqn * 3’1~3/ 

(1) 


ro 

y\. 


( 1 ) %{2) 'iC 3) 


cof 


^ ( 0 ) ^ ( 0 ) 

A # -I- B * 


ro 

jf\ 


(2) 


= A 




<0 


(i) 


^ ,.(i~l) , 'S 


= ’2 S H' 

*^( 0 ) 

Therefore the state sequence X - i /-i " • * 

written in polynomial form using 2*3-1 as 

vra^ ^ ~(l). -%C2).2 , -(3) .3 , ^ 

XvQ./ 4-X Cl-hX Cl 4-^ »Cl *•»- >fc *“r ^ V • 


x‘°> +[|.T°’ + B u‘°h a 


or 


CO 

■ ro ro 


+ + B y-^'] a 


(l)-i ^2 




4* 4* •*»*► 4* » i> 


<0 

•V/ 


(d) = X^°^ t + 1 ^ 3*2-1 

(0) ^(1)^ tt(2)^2 

of the input sequence Jl = *’* 3-nd similarly X^d) 


wlncrB u(c3.) = 4*17 (3"i’’U * <3." 4"»»»4- is ths ci*^tr3.nsfpnn 


is d- transform of state sequence X 
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Eqn. 3«2'-l can be written as 

X(a) + ^ X(d) .d = X^°^ + 
or X(d)- f _1 + A + g»U(d) id] 

or X(d) = [ I + A d]”^ « + |•U(d)d] 3*2-2 

CJ 

where I is a unit matrix of size imxmn such that I X(d) = XCd) 
and it will be shown later that the above inverse exists* 

The elem<^nts of the output sequence can similarly be obtained 
by putting k = 0^1,2/ in oqn-. 3*1''2 and therefore the 
d~transform of the outnut sequence Y becomes 

Y(d) - C X(d) -!- D U(d) a'ld use of 3 »2— 2 yields 

Y(d) = C.[f-i-A dj“^- 3*2-3 


This is the expression for the outout sequence in terms of the 
input sequence/ initial conditions, and circuit constants which 

ro 

co CO ro 

are determined by the matrices ABC and Now wo shall study 
various cases for various choices of U(d) and X >• 

3*3.. Au tp no mous Ro spon s e t The autonomous response of a LFSR 
circuit is defined as tlmj response of the circuit to the input 
000 **»» In other words, the input is absent, and the output 
soquonC'.; depends upon tiie contents of the delays only* 


Mathematically U(d) = 0 and eqn • 3*2—3 becomes* 


CO <NJ CO 

.% Y(d) =. g [ I + Ad] 


^(O) 

a ^\, 


3*3-1 
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If Y is ■t>'e autoaornous response of a LFSR circuit then 
we say that the LFSR circuit gener-tos Y. 

3 Expression for .■Autonomous Response t The expression for 

the d- transform, of output sequence involves the inverse of the 

CO ro 

mnxmn matrix [ J t » VJe shall derive a simplifi-sd expression 

for Y(d) and will show -that Y(d)‘ can be written as 
Y(d) [c(d)] ^-P(d), where C(d) is a nxn matrix and P(d) is 

a nxl vector of binary^ polynomial s <. 

Since 
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Where C(d) r. I -f C d -I- C »»» + C d^ 3-3-2 

- = =1 =2 =m 

is equal to the determinant of the matrix [l+Ad] and is defined'' 

as the connection -ool^momial/ or the feedback polynomial of the 

LFSR circuit j ‘ 

CO 

Multiplication of C with[_I -l- A(^ yields 


==L2C.d 2C,d S9,^ ..*2 C.d C 


i=l ^ 


ir=2 "1 


i=:m-l- 


x[c(d)] 


3 -3-3 


Therefore eqn- 3 -3-1 becomes 


Y(d) C [ I + Ad]''^ X^°' 


[C(d)]”^ [ 2 C.d^”^ S C.d^"'^'-^. 2 C.d^"^'^^C 1 - I ^ 

1=1 ^ 1=2 ^ 


Jo) 


JO) 


[c(d)]”^. [_ 




.fr .r(0) 

■‘■^=3“1 ' 


» ji»4*C ^ ) <3. 

==rrr^^^- 


4- m ^ 


+C d™^^ 


. m -1 m-j fQ) . 

Y(d) = [C(d)] S E C. X » d^] 

~ “ 3=0 i=l ^+3 


3^3-4 


is defined in Appendix A- 
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Therefore^ the outiout seqiience Y is given in terms of its 
d'- transform by 



Y(d) = [C(d)j P(d) 

3*3-5 

where 

m-1 m-j , . 

P(d) = S SC X^ ^d-^ 

3 *3-6 


and 


j=0 i=l “i-s-J 1 
C(d) is given by 3*3'-'2-. 


Sometimes the outnut Y'' is drawn from the last stage-. In 

«N> 

this case tlie matrices C and D are rtodified as 

C ^ [fP (p -».■> I l] and D = ^ 

Therefore 

Y^(d) = C-[2 t Ad] . 


rcv^l 

= [c(d)]7^[ d)d"'”^‘(ltC d-!-^ d^ . »I+ g^d^] 

1 ^ i=l i 


y(0) 

h 

4 °^ 


yo) 

— m 


[cCd)]""^ X^°bd + 


+ ( Cr\ *X +C •X ^ +X ) d *+ « « ■»-(-« • <» ( 2 C ,X . - tX. ) d ] 
"=* “-m =]_ —m''l ~m"A '“1 


r ^ (n) -i 

= c(d) S SC X^°^d^] , C 

j-0 i=0 "j-'i 

or Y^(d) = [ C(d)] ^»P'(d) 


o 


j C n "i T 

where P''(d) - S S C X . » d"^, C 
i=0 i=0 =j‘^i”^''^ 


3-3-7 

3*3-8 


o 


47 


■^. xam :)1 e 3 *2 ? Find the autonomous response of a 3 stage LFSR 

2 

circuit over GF(2 ) given 


=1 - [i j ' £2 - ji 


-3 ~ 0 


/ q( x) = 1+x+x '/ 


[o] - _ ll] a f° 

1 I ^ - 0 h “3 : O 


3,(0) 

2i 


Here companj.on matrix corresoonding to q(x) is 


0 1 
1 1 


. _ 0 1 
=1 ■' .1 1 


1 1 
1 o 


1 0 
0 1 


■^-1 3~j 


(d) = S SC using 3* 3—t 

j^O i=l 


0 I 0 j , , 0 .2 

0 + 0 ! 1 



C(d) 


I + c d t C^d^' -I- C d^ using 3 »3-2 
= =1 =2 =3 

1 + d^‘+d^ d-f-d^‘ 1 


1+d+d' 


- [C(d)] 


1+d+d^ d+d^' ^ 

= „ 2 3 * 

,d+d 1+d d\ l-Ha+d-^+d +d 


Y(d) = [C(d)] ''^*p(d) 


1+d+d' 


9 

1 +d+d d' l-Hl+a +d +d 


dtd* 


2 4 5 1+d+d^+d +d 

d +d +d J- i-ct'Ci iu -hc 
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( d^+d " ) ( l+d-rd^’-l-d'^+d^+d^ ) 

_( d ^+d +d ) ( l4d.-i-d " +d +d ) , , 


1 


1+d' 


12 


.3, ,6 -7, ,10 

d +d +d +d 

2 3 6 11 

d'^+d -hd +d 


1 



Output sequence Y = Y(d)»6 


, 000100110010 ^ 
^ 001100100001 ^ 


with oeriod 12 


Similarly using 3 »3~7, P(d) 
and Y' ( d) = [ C( d)] .P( d) 


|d 

Lo 


d-hd^+d^-fd^° 

d^'+d^+d^+d® 



using 


3 ■«3"8 


The sequ.ence drawn from the last stage is 


Y/ 


Y' ( d) » 6 


010000100110 ^ 

^ 001001100100 -^ 


with period 12 » 


And ije cc/n verify th3.t Yj is same as Y delayed by iti = 3 bits * 

3 »3- ^2 Pr operties of Autonomous Re s ponse : We have seen -that 
the sequence of binary nxl vectors can be viewed as n binary 
sequences put row by row, so that tlie vector formed by talcing 
Ic"^^ element of these sequences becomes the element of the 

vector sequence for all k > 0 » 

In this section^ we show that those row sequences are 
periodic, and the period of vector sequt,nce is equal to the 
LCM of the periods of individual rows • Also the vector sor|uence 
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can b.j g.aioratvjd by an equivalent mn stage binary Lj?SR circaiit* 
This r suit can be put as Ih' ■ following lemma# 


L em ma 3 # 1 : The vector see-unnee generated by a m stage LFSR circuit 
over GP(2^) can bo viewed as n binary/ secfuencos put row by row 
such that/ 

( i) the rov7 secpaeiices are periodic 

(ii) all row sequences can bo generated by the scome 
eguivulent mn stage LFSR circuit over G?(2) 

( iii) the period of vector sequence is equal to the LCM 
of periods of row sequences » 

Proof : Consider a m stage Li'SR circuit on GP(?.^) whose connection 
pol^/nomial Qid) is given by 3>3-2'» Since the coefficionhs of 
C(d) are nxn binary matrices/ we can write 


C, == f whore 1 1/2/ 


•♦ »* / n j 


1 / 2 1 ^ rn 


is the k element of the i^^ coefficient of C(d) 
kl 


Thcreforo G(d) = 


1 

O 

o 

9 

9 

o 

1 


^11 

°12 

(l) 

Xl) 

^In 

0 

1 0 0 9^0 


(1) 

(1) 

^(1) 

(1) 

9 

9 0 rf A 9 9 '9 

“1“ 

i 

^21 

°2 2 

^2 3 * * ' 

^n 

• 

0 

« O » 9 # Jt 

9 9 9 9^ **» 9 

0 0) 4k y 9 1 



^(1) 

C ^ 9 9 9 



r/_ \ “ 

/ \ 

nl 

n2 

n3 

nn 



(m) 

(m) 

(m) 


'^ll 

12 



^(m) 

^(m) 

(m) 


^21 

n 

*^22 

°2n 


9 

! (m) 

( m) 



^nl 

^n2 



. d^ 


m 
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III 


1+ E 
1=1 


m 


L 


1=1 


E c'^V 

1=1 "1 


Therefore C(d) = 


iTl . . > . 

E c^o d^ 
i=l 

m 9 » 

„ ^ ( x) .X 
E d 

1=1 1" 

(i) i 

1+ S c^J^d 
i=l 

0 a -» 

= _(!) = ! 
lf^=2n = 

0 9 10 

•» > ■» 

9 9 9 

9 > p 

a .# ’t 

9 0 Ilk 

m / . % . 

E <=^^2 ^ 
i=l '■* ^ 

* 4 

"" (i) 

lt_s ^ 

X”1 

"=12 

(d) 

■ " =ln''^’ 

=21 =2 2 
» 

(d) 


> 

=nl<=’ =n2 

fk 

(d) 

’■■ =r.n<a^ 


m 


( 1) _/ 


whore c^ .(d) = E c\Y d 1^ j 


L=1 

r 

L=i 


^ ( i) i 

“ 14- E c . . d , i/ j = 1/ 2^ ^ » /»,n 


P(d) 


Pj_(d) 

P2 ( <3. ) 


3 >3'-'9 


where p^( d) = P^^^+p{ ^^ca^+. . 




(d) 


*^1 VA I 

1^2^ » ^0 


end Pj^^ is the row of the coefficient of 


d^ in the polynomial P(d) given by 3 *3*^6 
The inverse of the matrix C(d) can be obtained using ordinary 
matrix Inversion procedure. Tlius 
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e'j^Cd) 

c^j(d) -»» * 

d£^(d) 



Cp ^ ( d ) 

> 

H-l 

Cpp(d) 1, , 

•* 

* 

»> 


* Nt^dT 

c;i(a) 

41 

c' (d) 
nn 

1 

3 a3-10 


where c^.(d) is tiie cofactor of c..(d) in 3:»3''8 and is a binary 

XJ J X 

polynomial xjith degree less than m(n~l) and 


N(d) - Def^(c(d)] and deg [N(d)] < mn * 
Therefore oqn» 3 •3-'5 can bo written as 


(’'"See Aooendix A ) 



c^^Cd) 

cj^P (d) 

9 <j » c^ ( d ) 

In 


Pl(d) 

Y(d) =.- 

C^j^(d) 

# 


... c'^(d) 


P 2 (d) 





• 

_Pn(a) 


* nW 


fl(d) 

fjCd) 


f„(d) 

n 


1 

NTdT 


which can also be written as 



f^(d)/N(d) 


T^(d) 

Y(d) r-. 

f2(d)/N(d) 


(d) 

ff 

dt 

j 

f„(d)/N(d) 

i 

» 

l\j(d) 


fj_(d) f d) 

where NTdT" “ N^Td)' ' 




XI , 


3 1^3-11 


3 3-^12 


. ,3^3-13 



such that N^(d) are relatively Drime« 

We see t’^at rows of the sequence Y are represented by ratio of 
two binary polynomials and therefore are binary sequence with 

period equal to exponent of the denominator polynomial* Thus 
first part of Lemma is proved ■» 

The denominator of each polynomial is tlie same binar^r 

polynomial N(d) with degree mn * Therefore the sequences 
represented by these polynomials can be generated by a binary 
LPSR circuit whose connection polynomial is N(d) and therefore it 
will be a mn stage LPSR circuit* Hence second part is proved 
Equation 3*3-'12 can be written with the help of 3*3—13 as 


R3_(d) 


- -1 

f' (d)/N^(d) 

Rj(d) 


f' (d)/Nj(d) 

m 

* 


« 

[f'(d)/N^(d) 


And since N^^Cd), factors of N(d), therefore 

N(d) = LCM [Nj_(d)^ NgCd) N^^Cd)] 

Exp(N(d)] r. LCM [sxp[N^(d)J, Exp {n^ (d)} * * ^ Exp^N^C d)}] 

And since Exp d)| represents the period of Rjj^, i*e» the period 
of sequence given by Rj^(d), we conclude that 

Period of Y = LCM [period of R^/ Period of R 2 / »** 

» > • Period of R 1 

n 


Thus third part of the ‘ Lemma is provod * 
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In this section vre find the LI’SR circuit which can generate 
maximal seq’iences and study the pronerties of maximal sequences/ 
which are already developed for a general sooU'-^nce in proceeding 
section ■» First we give the definition of mr-.xiTnal seque'icco 

A s ecru t- nee S of elements from GF(q) is said 'to bo maximal 
if it is periodic vrith period q^‘'~l/ m is an integer/ and each 
elornent of the sequence S r: 3 ^ 3 ^ 823 ^:. can be written as a 
linear combination of past m elements only/ with coefficients 
from GP( q) i.e ® 
m 

s. = E s. .q. j “ xn/m+l/--.-* and q. e GP(q) * 

j J-X J. I X 

Altomatoly/ if S can be generated by a m stage LFSR circuit 
over GP(q) and has period it is maximal « 

For the present casO/ q = 2^ and therefore the maximal 
secxioncos have period (2^)'^-l » 

Regardi'-g th^; properties of iraximal sequences/ and the 
circuits which can generate them/ we constrxet the following 
lemmas » 

Lem ma 3 *2 s The connection polynomial of LFSR circuit which can 
generate a maximal sequence over GP(2’^) is a primitive polynomial 
over GF(2’^) » 

L emma 3^»3 [a] ; The rows of a maximal sequence- over GF(2^) are 
shifted versions of a binary maximal sequence x^hich can bo 



with N(d) as 


gi.jn'.-ratod by a mn stego LPSn circuit over GP(2), 
its connection polynomial » 

[ b] • The numb.'rs of bits by vrhich thv, rows of a vector maximal 
squcnce, arc shifted firora the first row are integral multipl' s 
of a numbc'r j3 given by 


3 = -V- - ■ 
2 "1 


,2 


Lemma , . 3»4 a If A(d) - I A^d -f- A ^ d'^'-l- . +A^ d’^ is a primitive 

pol'^momial over G?(2^) and B(d) — I + A^'^^c3,-i.A]'’'^^d^''l-» «»+A^'^^‘d^ is 

- — -1 —2 —m 

another polynomial then B(d) is also primitive^ and the amounts 
of shifts for the sequence generated by a LPSR circuit with 
B(d) as its connection polynomial ar>j double of the amounts of 
respective shifts ,8^ for the sequence generated by a LPSR circuit 
whose connection polynomial is A(d)^ and tJ’ie row sequences in 
both cases are shifted versions of the same binaiyr sequence* 


P r oo f jo f L emma 3*2 ; 

The d— transform of the autonomous response of a nv-stage 
LPSR circuit over GP(2^) is given, using Eq* 3 •3-11 by 

Y(d) = c'(c' ) *.p(d) - 

Therefore period of Y Lxp » [N(d)] 

And since Y is given to be maximal, its period is 2^^-l 
i,e* Exp [N(d)] ^ 2^"^-! 

Therefore* Exp [c(d)] = 2^^-'l 

See Appendix B 



Siacr^ is polynomial of degree m over and 

has exponent (2^)^-*l, from the definition of primitive polynomial 
we conclude that is a primitive polynomial over GP(2^) 

Proved 

P roof of Lemma ? > ? [a] ; 

-j— 

Recalling Eqs * ^.^-ll^ ^^3~12 and 3«"5-l3^ the i row of 

the sequence Y is given bv 

%(c’ ) 

Rj_(d) , ± = 1,9^ .,n 

vrhere f^(d) is i'elutivoly prime to N(d) since W(d) is primitive* 
Also Exp [N(fl)] n 2^’^'-! = Period of Rj^-> Therefore is a 
max imal s equ ^.n c o • 


Since all the rovjs R^ of the sequence Y are r^resented by 
ratios of bvro polynomials in d such that they have same ■ .. 
denominci'-Oi'S/ v/e conclude from the properties of maximal 
soquenc-^s that each rov7 R^ is a shifted version of the same 
sequence R^ given by^ H* 


f,(d) P,(d) 

^('^)=nW“= TH-mT 3*3-14 

ltd 

And R^(d) can be generated by a LFSR circuit whose connection 
polynomial is N(d) and therefore number of stages is equal to 
degree of N(d) which is mn 

Proved 

P roof of Lemma 3*3 [ b] ; 

Since all rows of the sequence Y are shifted versions of 

(k) 

the first row the elements of the row sequences R^ can be 
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written as 


) ( lc~|3 . ) 

^i ^ ^ 


± 2 / 3 _, ■,y 0 ,n for all 'k 


v/hero 3j_ is araount of shift for i"^^ row a Bq -« 3 * 3 . 


rik) 






R 


ik) 

1 

ik) 

2 

(k) 

3 


R 


(k) 

n 


"i 


(k) 


( k - jS ,) 


R 


1 

( 


( k '' 33 ) 




R, 


for all k 


In abs-ence of inputs Rq* 3«1~3 can !>© written as 


r .( k + l ) _^~( k ) 


or 


,.(k+l) 

% 


,(k) 


=1 “1 


,.(k) 


=2 -2 


-m 


and 

Therefore 


„(k+l) .,(k) 
—1 '-“ I'^l 


1 — 2 ^ 3 / aaa^rn 


.,( k - M ) ^ v ( k )^^ ,,( k -- l )_^^ , Xk -- 2 ) 

% “ Sj^Si +§ 2 % +£ 3 :;^ 


'f' S^ «r "i- ^ <*^4-0 i/C- 

= xn '“'^ 


( k * 


or 


Ic - fl ) 

4 


m 

2 

i=l 




( k-- i+ 1 ) 


Eq • 3 •1-4 gives 


Y <’"’ = S 


C X- 4-0 X^ 4- • » »+ » •» a+C X 

=1-1 =2 “2 =iTr-m 

..(k-hl) 

“1 


■12 becoraes 


3 #3-15 


5 ,( k ) 

•m 

3 -Vie 


ITH - l ) 


3 .3-17 


using 3»3-16» 
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Therefore Eq . 3 ■>3'-17 can be written in terms of Y as 

i~l 


3 -3-18 


The tap coefficients ''s are matrices corresponding to 


elements of GP(2^) and are therefore some power of the conrpanion 


e. 

1 


I'lacrir K_- Writing = M and usiig Eq • 2-2-16 and 3*3-15, 
Eg- 3*3-13 can be written as 


Y 


(k) ^,,°i ,^(k-i) 


rn e. 

= E M ^ Y' 
i=l 


m e. e. ^e. ^ e. 

2 [a ^ M -a ^ ■• 2 : ^ ^ ] 

i=l " “ 


‘(k-a -i) 


rr, (-1 n M (k-5^-i) ^ e 

m (k-i) ^ ^ 


(: 

( 


(k-l) 


(k- 32 ~i) 


S [R^ 


a 




'M-a -i-R^ 
(k- 5 ^-i) 


11 J»CC -f- ♦ !J» "{“ ■* «» ' * ►“I” 


-{- R, 


-a 


m 

E 

i=l 


r (k~i) (k-p2”i^ 2 

[ I -!“|1 - 1 " .> » # H- "I" » - 1 - 




^ (]v’-5 — i) 

3 - 


] » s 


'i 


Using only first two coltimns of the matrices I, M, M“, ■*.» we 
can write 



(k-i) 


^(k-^ 2 ~i- 


0 . . . . 

1 . . . , 

0 « • « « 


0 , . . * 


0 * . 4 * 

0 M * *4 




p (k-i) „ 

-j * ■* 0 m 

0 

^ -^2^ f f ♦ ♦ 




(k-fi_~i) 0 


^ (k~p 2 ~i) * • • 

X » 


0 . . . 


, (k-f3 ~i) (k-f<2^“i) 

Similarly wo can write ^ '' » • 


and finally 




0 1 . . . 
0 q^... 


(k-P' -i) 0 




Therefore can be written as. 


t) „ .-i) 

... n^‘'\ 


/k-p^-i) 


*^ 1^1 * * * 


(k-P -i) 


q2Rl 


(k~B -i) (k-P -i) 
■1 "" 


,{k-l) 

■1 


^^(k-Pa-i) 


„ (k-P -i) 

R^ n 

(k-i) (k-P -i) 

+qjRi “ 


(k-P -i) 

n 


(k-P ,-i: 

n-l 


(k-P -i) 




Using Eq. 3.3-15/ tho eibove voctor equation can be splittad 
into n rows giving/ 


R 


(k) 


m"' . -> (k-!-' -i) 

S [ R^^"^ R, ^ 
i=l 






R 


(k-^-^ . ) 
1 


m (k-P„-i) (k— i) (k-P -i) 

^ S [ Ri R^ 

1=1 


(k-P .) m 


Ck-P .-i) (k-P . ,-i) 


R, 


E [ R^ 


^ R, 


i=l 


'*■^3-1^1 


] « 

e. 

... ] a ^ 

s. 

(k~P^-i)Ja ^ , j=3/^/...n 


th 


The above n equations ar^ representing k element of the 
row sequences of Y for all values of k. Therefore replacing 
k by k-l-Pj in above equations/ we get. 


\ m /'i • ^ (k-P -i) 

Ck; _ r. rr,(.k-i; „ n 

i=l 


e. 


R-- = [Rp- R^ 


X m rv •{ 1 (ktP -i) (k+P,-? -i) 

R^i"^ = E [Ri Ri -'-qiKi 


...la ^ [unchan. 

god] 


r(>^) = ? [R' 

^ i=l 


/, .X (k+P .-P . .~i) (k+P .-P -i) 

(k-I.) J J-l J 1 


e. 


••.] « ^ j=3/4/. 


3 .3-19 


The above equations are representing tho elements of 

the same sequence R^. Since we have not put any constraint 

i i 

upon d ^s / these equations are valid for all d and 

therefore respective columns of all of the equations 3.3-19 

must be equrU independently. Wa see that first columns 

are the same. Equating second columns, we got 
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(k-P -i) (k+P' ~i) 

b =b " 

+ 

(k+P^-P -i) 

rr R 2 n 

qiRl 

(k+P -P -i) 

= Ri 

+ 

(k+P -P ~i) 

rr R 3 n 

^2^1 


+ 

f * * 


R 


(k+P -±) 


" "^1 "Jn-A 


Eq, 3.3-20(1) gives 


(k-Pj 


(k+P ) 


R, 


R 


n , „ t 

1 %**! 


(K) 


3.3-20(1) 


3 .3-20(2) 


3.3-20 (n-2) 


3 .3-20 (n-1) 


3 ,3-21(1) 


Eq. 3.3-20(2) gives 

(k-P ) (k+P -P' ) -I 

Rj ^ + q2'' 

v/hich, with the help of 3»3-2l(l), bocomos, 

(k-i-P ) 


R 


(k-P3,) 


(k+P +P ) 

= (R^ n n ^ n j 


(k) 

2^'l 


(k-P.; 


(k+2p ) 


or R, 


= R, 


n 


(k+P ). 

n 


+ q^R^ + q^R^' 


(k) 


Eq, 3,3-20(3) gives 

(k+P -P^) 


R 


(k-P^) 


R. 


n 3 


+ qgBf 


(k) 


3.3-21(2) 


which, with the help of 3.3-21(2) becomes 
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R 


(k-P J (k+2P ) (k-hP +P ) (k+P ) 

4 (R^ " " + " “ + q,E, " ) + q,R 


"2 1 


(k) 
3“1 


or R, 


(k~P„) (k+3P ) 


4’ _ 


R. 


(k+2p ) 


(Ict-P ) 


3 ♦3-21(3 ) 


In a siinilar manner, we proceed to calculate 
(k-P .) 

t j=5,6,7...n and end up with 


(k~P ) 


R, 


n 


(k+(n-l)P ) (k-l-Cn-2)P ) 

R^ t * ‘t* • ♦t 

(k+P ) 

n 




(k) 


or R 


(k) 

1 


(k~nP ) 


(k-(n-2)P ) 


(k-(n-l)P ) 


’4* • •*'{“♦ • 4* 


(k~2P ) (k-P ) 

q2Ri ^ -H ^ 


The Sequence R^^/ whose el orients are given toy the above 
equation, can be written in terms of a polynomial in d 
[see Sec. 2*3] as, 

nP (n-l)P 

R^(d) = RiL^<i^ d ^+..t..-i- 


P 2P 

[q^d-' + qjd q^_^d 


2P P 

q2R3_(d)d ^+q^R^(d)d ^ 

(n~l)P nP 

-f- d ]R^(d) 


or Rj^(d) 


l+q^^d ^tq^d .4-. .+q^ ^d “+ d 


h(d) 


n 


irriTP W~ 3 -3-22 
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O jT 




h(d) 
If- ■ 

q(d 


^ » 3"23 


vfhere h(d) i,'; 

p,_ 

n, 0 ^ .nd c[(d 
3iucfi q(d) is 


some binc'.iqr polynomial in d with degree less tlsan 

,0 

) is defined by replacing x by d ^ in 3q, 3 »l- 6 » 
a primitive polynomial of degree n, we have 


[q(d}] = 2^-1 

p 

therefore* Exp [q(d^^)] =2 (2’^'-l)i0^ 
Sq • 3 •3-2 3 can be v/ritten as 


I^(d) 


h(d) 



f 

1 


h'(d) 

(2^^l)p 
+ d ^ 


3 *3 *2.4: 


From Eg 4 3*3-14 
the period ( 2 .’^- 
of 2 —1 ise* 


we Icnow that period 
l),Gj^ given by 3.2-24 


n m 

of Rj_ is 2 -1-, Therefore 

must be an integral multiple 


(2^-1) K, (2’^'^-l) 

or 3 = K . i K = 1,2, . . .,2'^~1 

2-1 

From Eqo 3 •3-20, all Pj, j ■-= 2,3, ■*->,n-l can be calculated in 
terms of • We conclude tlnat the amounts of shifts p^^/P^y * ’ 
are integral rnultiole of the number p given by 

„nin - 

p = 3 •3-25 

2-1 




See Appnndix C 


for proof. 


Proved 
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Example 3a3 i Find t.he amounts of shifts of the rows of the 

seqaence ge'.ecated by the primitive polynomial 1-i-ad+ad where 

is element of GF(2^) and q(x) = l+x -I- Verify that 

they are integral multiples of p given by 3-3'-2b. 


^0^ 


a = 



0 0 1~ 


0 0 l"" 

Here M - 

1 0 

= 

10 1 


_o 1 q2 

r 

O ^ 

H 

O 

} 


- ~ [ — = - £ ] 


M 


C(d) 


+ id + M d' = 


d-i-d 
0 


2 


0 

1 


d+d 


d^-d 


d+d 
1 


2 


[c(d)] 


2 4 2 4 

1+d +d d 1-d 


d+d 


2 


2 


d.+d 

d^'+d 


2 - ,4 , , .2 

-1-0 dl-G 


d+d 

1 


l+d^'+d^+?^^ 


We see bhet N(4 ~ 1+d ‘+d'^+d'"+d° is a priraitive polynomial and 


2 . 


therefore 1 + :d ccd ‘ is also 


Y(d) [ C(d]”^.P(d) 


l+d^+d^ 

^2 , .4 
d +d 

d+d^‘ 

I 

'l” 

d+d^- 

d^+d^ 

1 

d+d^‘ 

d-hd^ 

1 

I■l 

t 1 

0 


l+d^‘+d^+(^+d 


assuminq initial contents such that P(d) = 1« 


or 


y(d) 


2 4 

1+d^+d 


^ -2 
d+G 


2 4 
d+d 


j ~ 

1+d +d +d +d 


which gives 
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Y= Y(d) ,6 


1 1 

0 

1 

1 

0 0 0 1 

0 0 1 

0 

0 

0 0 

1 

1 

1 

0 

0 

0 

0 

1 0 

0 

0 

0 

0 10 1 

111 

1 

1 

0 0 

1 

0 

1 

0 

1 

0 

0 

0 0 

1 

0 

0 

0 0 11 

10 0 

0 

0 

0 1 

0 

1 

1 

1 

1 

1 

1 

;at 


~ 

4 

_ and 

= 54 ’ 












2d 

r 


“ Tn V ' 

2 3 ^2 

= “T' 

=: 

63 
' 7 

= 

9 







arid iv'erefore [^2 3-^^’ integral multiples of 3 » 

Proo f of L snirna 3 f4 

First we define the square root? of tlie elements of GP(2^) » 
Since elnmonts of 1F(2^) in matrix form are power? of the companion 
matrix H/ we may wi'ite 

e . 


A = M 
=i = 


where is some integer « 


Th on wc; dc £ in e 


1/^ = 


A 

-1 


K 


"""2 


= even 


e = odd » 


Thus square roots of Qlniftcnts of GF(2^) are also elements of Gl'(2 ) 

Using I^S-IO; the autonomeus resnonse of a LFSR circuit whose 
connection pol^momial is A d) is given by 


Sa 


[ A^ ( d )] » PiL ( • n( d7 

r 


A' ^(d) 
A';]^(d) 

If 

» 

Af- (d) 

A^j(d) 

... A^ (d) 
2n 

-P^(d) . 

1 

dr 

» 

'll 

♦ 

nT 3 T 

A' (d) 
nl 


1 

A' (d) i 
nn * 

j 

! 

~3 .3-26 
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wh^ro Pj_(d) i;j tho pol^Tnomial corresponding to Initial contents. 
Now the s-cond polynomial B(<l) obtained by taking square roots 
of co^.ffici. nts of A(d} can bo written as 


3(d) = I + aVSjJ .j. AV2^m 


“2 


-m 


or 


[E(a)J^ = [ I + -I- AVSa">]S 

- ~1 “2 =m 


r.n2 

L 


zr ^ »-i- . . --I- [ Ay?'ci^]2 


-m 


= r -}■ A d^' + A d'^ A d^"’^ 

= =1 =2 =m 

= 4Ad^) 

Therefore B(d) = 1 A( d^ 


and the sc,qu'nce gen 'Crated by the LF3R circuit whose connection 
polynomial is g(d) is given by 


Sb(d) = [ B(d)]'^^ Pj’d) 




A^^(d^‘) 

A ' yd ^; 

A'^(d^) 

A'^(dh 


... 

« 



P 

7 

a 

€t 

» 

A^ (d^‘) 
nl 

Kx 2 ^ ^ 



£2 ^ * 


1 

Nidi 


3 -3-27 


P'(d) = [A(d^')]^'^y£2(d)/N(d) is a polynomial in d» 


where 
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Since det [|(d)] det [A(d'')]^^^' = [N(d^‘)j^^^* = N(d), we 

conclude -bh^it the denomir itor of Sq » 3?3"27 is lUd) only i»e'» 

?~2 with denominator 1 » Thus rows of and 

are shift'‘'d version of same s-^quence since the denominators 
in both cases are N(d) a Since the oEfect of the inirial contents 
is to introduce a shift i^ the vo'Ctor senuence/ and the sequence 
length and amounts of shifts of individual rows are independent 
of P(d)^ can choose Pj^d) and different such that 


P^(d) = P^^(d) 


Therefore Eqs • 3*3-26 and 3 >3—27 can be written as 



f^(d) 

• 

fyah 


f 2 ( d) 

‘ wCcD' ^ -b^^^ = 

fyah 

» 


_q{a)_ 


q(ah ■ 

u* 


If S is written as 

--OL 


q(h) 

O 


iTTdT 


(k-3^ ) 

% 

(k-po) 

then since numerators of polynomials representing rows of are 
squares of the numerators of polynomials rr^resenting rows of 
S_ , 


we oan write. 
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q(k) 

-■b 



\ 




•1 


I 


I 


'(MPn) 


Thus the amounts of shifts are doubled* 

h/ (d) 

The Equation 3»'3”24 for this cose becomes R, (d) = , 

l+d 

where is the row of • 

Similarly/ we can beep on talcing square roots of 
coefficients and find the corresponding sequences generated by 
m 1/2^ j 

I + 2 A. d. , j = 1/2/ - /n— 1» If 13. ‘'s are the amounts of 

~ » *1 3 . 

shifts for A(d) and (2^''1)G_^ is the exponent of the denominator 
of f'''e polynomial representing the rov; of the sequence then 
for the other coses we get the follow-ring results ; 

f 

expon esn ts 

4i3j^(2^'’l) 

♦ » 

ai » 

m » It 


Coefficients 

i 

^i 

aV'2 


A- 


1/4 


Shifts 

P± 

ZPi 


4Pi 


» T» 9 
a it ^ 


l^p/i 

A-^ I A 


2^j3 ‘ =j3 ■ 
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must 


And since oeriod.s ot rows arc onlv, these exponents 

be integral uul tiples of i,e> 

2^' = 0,1,2^ = Integer. 


V'Jhlch is satisfied for K 


2 


n~l 


only » 


A 

0 if 



l) 



(2'''^1) 


0ylj2_, a ‘t n f n—l 


Pn “ j57y • 3 = 0,1,2, ,..,n~l 3.1-28 


Ex ample 3«4* Consider the primitive polynomial ^(d) = 1 + Md 
where M is the conpanion matrix and q(x) = l+x+3c*^» Find the 

2^J 

shifts 3^ for the sequences generated by I -t M d, j = 0, 1, 2, 3 > * •« » 


Since = [ I + hld]”^ . ?(d) o 


we have 


1 0 0 01 001101 
jo 1001101011 

ncoiooiioioi 
00 0 10011010 
pj = 12 


0 1 
1 1 
1 1 
1 1 




1 1 
0 0 
1 0 
1 1 




J 


wxi 


period lb 


P 3 = 13 

^4 ” 

1/2 

Therefore for j =1, tlie sequence generated by I + M '' d mast 


have 


p2 = 24 = 24'-16 - 9 

= 26 = 26-’16 = 11 
P^ = 28 = 28"lb =13 
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lOOOlOOllOlOlll' 

/, s, .-=Jo 1 1 0 1 o 1 1 1 0 0 0 1 0 

jlOOllClOllllOOOf 

011001101011110 v/ith period Id 

d 

For j = 2/ the serraence S generated by I + K^/'^d has 


p 2 = 9^2 = 13 := 3 

P3 = 11-2 = 22 = 7 

O4 13-2 = 26 11 

100010011010111 
11110001 0 011010 
10101111 0 001001[ 
10011010111100 0 ' .V7ith period lb 


For j 


3 / bho sequence ^ generated by I -b has 


r= 7-2 = 14 

p^ = 11.2 = 22 = 7 

100010011010111 
010111 1 00010011 

f 

000100110101111 

loioillioooiooy. with period lb. 


3 <»4 T otal Response : In thin section , the response of the 
LFSR circuit over GF( 2 ^) to periodic input seouence over GF( 2 ^) 
is studied* The expression for the d’-transform of output 
sequence is derived aod the output period is determined when 
the input period and the autonomous period are (i) relatively 
prime ( ii) integral nuiltiples and (iii) equal- Since the 
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expressio.e giving the period of output sequence are similar 
to those OjDtamec., in tne case of sequences over GF(2), for 
V7hich period'^ are already knov/n y the results available 
for binary case are directly used here, v/ithout going into their 
derivation » 

The cjqpression for the response of LFSR circuit is given 
oy 3»2— 3" i/Jith thvj use of 3«3^3/ it can bo written as 

Y(d) = [C(d)]'"^ [sc d^''^ E C.d^'"'^ S C d^"^ 

i=l“i i=2“^ i=3“^ 

S C c] [x^°^^-BdU(d)] h- D U(d) 

i=n>'l“^ m -m - 

= [ C(d)] E C d^"'^ E 9 S C.d^~”''^^C ], 

i-l~i i=2“i i=n>-l“^ “m " 


-I- [C(d)]^^ ,[ e" C.d-i E C.d"*^" 

^ 1=2 i 


±==1 


m 

^ » E 2 . 
i=iTP«l~^ 


i-m-hl 


C ] 

-m J 


r 


I 

cp 

«■ 

cp 


» dU(d) +I U(d) 


= [c(d)] 


’1 


P(d)+ [ C(d)]''^*[ S C.d"^"^] »dU(d)+I U(d) 

i=l“^ 


m 


.i-li 


using 3^3-'6 


ra 


= [C(d)]~’^.{ S C_d^''^^d U(d)+ I C(d) U(d)} 



71 


m 


= [C(d)]'^^-,p(d)+[c(d)]''^,{ S C d^ U(d)-l-(I + S C d^)u(d)} 

“ = i=l=l - 

usioa 


[C(d)] 1- P(d) -i-[c(d)]''^ > {| U(d)l 


or 


Y(d) -[c(d)j''^ ’[p,(<i) U(d)] 


3«4-’l 


If tho inpi.it Roquonco U = ^ looriodic sequence of 

vectors ir.lth p.iriod b, then its d-ti'ansf orra can bu irrittcn as 


U(d) 


*1 

Hq ^1 ii2 2^d V ( d ) 

1 -,b "■ 

1+d ltd 

”1 r „/ / .,s-i 1 r , M 1 


3 <. 4-2 


And sine. [ C(d);r-^ = [ C'(d)] * = [C"'(d)] -- ^ 

v/hern a = Sjqo [N(d)j = Sxp [C(d)], we can write Eq » 3»4-l as 


y(d) = [ C"(d); 


P(d) vCd) 

^ Itd^ ' (l+d^Xltd^)^ 


3 »4-w=3 


■'fe observe tha'!' the expression for the re.sponse of LPSR 
circuit to periodic input for GF(2^) has binary polynomials in 
the denominator » Since the periods of sequences depend upon the 
denominsitors of the polynomisi.ls representing them, we conclude 
that period of Y can be calculated in the same manner as it is 
calculated for the case of sequences over GF(2) » Since these 
results arc already known, wo don't go into details and write 
the results directly o 
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S!LS_e_I ; Input period is relatively prime to autonorno' 

period •; 


nous 


3 .< 


In t’^'is case 


-o f. rua 
v(d) 


r = 1,2/3, 


(ltd )(l+d') 


— cr>n te expanded into partial fractions. 


and tne expression for Y(d) becom'=>s 

, , r ^ ^ V' (d) A(d) t P(d) 

Y( d ) z. [ C"( d)] [ — i 

ltd 1-i-d^ 

When P(d) = A(d), second terms from above expression vanishes* 
That is, for one particular initial state corresponding to 
P(d) A(d), the output period is equal to the input period. 
This state is cafled the critical steite* 

for other initial states 
Output period == LCW(a,b) = a.b 


Ca_se__II 
period « 


Tnpxi.-'- period is a.n integral multiple of autonomous 


b =! a*r 


, r r. 2,3, 


In this case output period is cT.n integral multiple of 
the autonomous period, but not necessarily equal to b •« 

Outout period a ^r' , r' = 1,2,3, . * » » 

Jl-H * Input period is equal to autonomous period. i*e« b 
In this case, if initial contents are zero then P(d) =0 and 

v( d) 

Y(d) -[C"'d)j — * 

(l-:-d^)(ltd ) 
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If [C"(cl)] *v(d) has a factor l+d^ thtjn output period will be 
a* 0thcr\'7ia j output ocriod v/ill be 2a-* 


If th' initial states are nonzero then the 
output p ariod depend upon the particular initial state and 

cannot b^: obtoin.;d in terns of a* Details are given in reference 

[ 10 ] * 


“ The connection polynomial of a LFSR circuit oyer 


GF(2^') is C(d) 1-KXx + lx^‘ where a is the primitive element 


Ifof 


GF(2^) and q(x) = l+x-+-x^‘ . Find the period of the outout sequence 

o 2 

when it is fed in by the sequence U = 1 a 0 _0 ' 0_ 0 a ' 1 0 0 >■ 


vjith period 12 and initial conditions are 

0 


(i) = 1 / 2?.°^ 


( ii) 2 


.( 0 ) 

-1 


= a ; X 


( 0 ) 

2 


a? ^ 


The conpanion matrix corresponding to ex is 
0 l' 


M 


1 1 


C(d) = 1 + M d +1 d' 


[C(d)] 


'-I 



** 

2 


l+d+d^' d 


1+d d 



rs 

2 

sr \ 

: 2 


d 1+d+d : 


d 1+d 


l+d+d^'+d^+d"^ 


Case (i) : 


[ I + H^^d t Id^'] 

~ 1+d 


j 2 1 1 +d 


And P(d) 


1 2^j 

S E ? 

3=0 i=l ■ 

a t 1 d- 


d^ 

itj “i 


c .yS’^'^-iC-yS^Kc ^5^°^d 
_1 ^ = 2-2 =2 ^ 
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T O O r- 

Autonomous response Y(d) =[c(d)] = [ 5+5^ "‘3.+Id '] •[d+ld] 


1+d- 


l+d~ 


a + ad + Id^ + Id^ 


or 


i 


l+d 

0 0 1 0 1| 

i^l 1 0 0 o(* with period t, 


The total response is 


y(d) = [cCd)]"^ » [PC'S) + U(d)] 


For convenience, we write 


/* Y(d) 


C(d) = 1 + ad + Id^' 
1+ad+ld^' (1+ad + ld^)(l+d^^') 


The division by vector is permitted since they are 
elements of GF(2^')- The second term is ej^panded into partial 
fractions as, 

4 2 5 2 ^8 ^ ^9 

1 + ad + ad + a d + a d + Id 

(1 +aa + id^)(i+d^^) “ (itfia + ia^)(i+ad)3 

Ad + B . c _ D E 

_ . . . ■ —‘■r + 4- " ^ ~"7 ^ » 

1 + ad + Id ' 1 + ccd 1 + 2^ 

The values of A, B, C, D and E are calculated to be, 

2 

A = l/B = a/ C= a/D=a/E = a 
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Therefore 

, 2; + a + Id + a^d + Id^' 

Y(d) = ^ + — 5:: — =i_ + r ji ^ 

i. + + 1<3. “ 1 + ad + Id (1 + ad) 

2 2 2 

a + a d + Id 

(l-Wd)^ 


Y(d) = 


2 4-9597 R Q 11 

a +ad4ad +ld +a'd +a ‘d +ad +ld +ld 


1+d 


12 


Therefore this is the critical state and output period 

is 12 . 

^ “J o 

Ca se (ii) : P(d) = 2 S C_ x: d^ = I-a+M.a +M*ad 

“ j=0 i=l “i+j 1 - 

2 2 2 

= a~f-l + a d — CL +a d » 

Total response in this case becomes 

oc^'+a^d 2+1^ a^+a^d+ld^ 

Y(d) = = — ^ + — — w = — 

a^'+a^d+ld^‘ 

_ 2' + 3 * 

l+ad+ld (I4ad) 

The first term has exponent 5 and therefore output 
period = LCM (5,12) = 60 

Example 3«6 ; Find the response of the LPSR circuit over 

2 

GP(2^) whose connection polynomial is C(d) = I'tS initial 

conditions and the input sequence U are same as in Example 3*5# 
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Here [gCd)]**^ = [ / 4- M^'d] = [ I + Md] — 1™ 

1 +d+d 

» -Exp . [c(d)] = 3 = Autonomous period/ 

Y(d) =[c(d)]"l 4P(d) + U(d)] 

Case (1) t £Cd) = a + Id 

a + Id - 

Y(d) « ^ 

i-wt d (1-W d) (1+ad)^ 

a+ld . ad-md^‘ 

St i - 4. , 4, ________ 

l-f« 'd 1+2, a 

+ Id ad + ad^ 

1 -l^^d (l-}^d)^ 


Therefore output period is LCM [ Exp 


( 1 -W^d) / 


Exp (1+2^)^] 


= LCM [ 3 , 12 ] = 12 
Case ( il) t P(<3.) = a^ 4 - a^d* 

In this ease also, outout period is 12* 

Example 3»7 * Find the output period for C(d), es l+ot and 


U(d) =■ 


l+od+ld^-KX^d^HOC^d^+ld'^-Ha^d^+a^d^+a d^°+a^d^^ 


iH-d" 


IT 


Here Y(d) 


P(d) l+ad+ld^+a^'d^+a^d^+ld’^+a^d^-HX^d^-KX d^°+<x.^d^^ 


l 4 ?d 


(l+a^d)(l+d^^) 


9 12 

And since 1 + a d is a factor of 1 + 1 d , we cannot get partial 
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A(d) B(d) 

fraction of the type — ^ + pj. , 

1 + a r 1 + id-^^ 

Therefore outp\it period = LCM [Exp( 1+t^'d) ^ Exp((l4a^d) »(l+d^^') )] 

= LCM [ 3 ^ 24 ] 

= 24 

Use of LFSR circuit as Scrambler s 

In the calculation of period of output sequence for 
the case I of the LFSR circuit, we see that if the autonomous 
period and input sequence periods are relatively prime, then the 
output sequence period is the product of the two periods* Also, 
if the connection polynomial of the LFSR circuit is a primitive 
polynomial then the autonomous period is (2 ) -*1 and the output 
period in this case is b*(2^'^~l), where b is input sequence 
period* Thus the input sequence is translated into another with 
much extended period* It can also bo verified that the number 
of transitions are more in Jie output sequ< 2 nce than in the input* 
Therefore such a oircuit can be used for scrambling purposes* 

The difference between a binary scrambler and this scrambler is 
that this scrambler scrambles binary vector data. 



SYI-?THSSIS OF IiF SR C IRCUITS OVER GF (2^) 


In this chapter synthesis procedure of a liPSR circuit 
which can generate a given vector sequence is given. In 
Section 4.1, the synthesis problem is explained. In Section 4.2, 

r G 1 

Massey*' s algorithm^'-’ is described and in Section ^.3, the 
overall synthesis proced.ure is explained with the help of 
appropriate flow charts. At the end of this chapter, a 
computer prograrri is given which is based on the synthesis 
procedure described in Section 4»3» This program can be used 
to design LFSR circuits which con generate the given vector 
sequence. Examples of syn-^hesis of a variety of vector sequences 
solved by using the given computer program are included. 

4.1 The Synthe sis proble m! In this section, we give the 

synthesis proqlam and synthesize a bFSR circuit over GP(2^) 

by a classical procedure. The problem arising in the 

synthesis procedure are described'. We see that this procedure 

[ 21 ~\ 

is very much involved. It has bo-^n proved'- that among the 
various existing synthesis procedures, the Massey's synthesis 
procedure is the most efficient procedure, specially for 
synthesis over higher degree extension of fields. 
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Considex" a finite lengtli seauence of binary n x 1 
vectors taken as elements of GF(2”) 

— i e---l'--2 —p-l 

may also bo consid,,';rGd to consist of the initial P bits 

of the periodic sequence S=ss,s„..,s ,ss, ... with 

“ — 0 -- 1 — ^ — p-i —o—l 

period P. On the other hand, if a given sequence is of 
infinite length then it is periodic* Therefore we have to 
design a bFSR circuit which can generate a vector sequence 
with arbitrary period. 

The sequence S can be written in the polynomial form 
using Eg. 2.3-2 as 

s^t s^d + 32'^^'^ ... + 
l-:-d^ 


2 

S -1- S - d ~r s ^ d 
irSL™irL 

1+ld^ 


+ s , d^ ^ 
~JSrl 


The denominator i -h Id" is obtained by dividing S(d) 
by the unit elcament of the field 1.. The numerator and 
denominator of the ajsove equation are polynomials in d over 
the field GF(2^) and can be factorized as, 

s + s,d'l- S-d^+. . . + . . .+s d^”^ = f , (d) f (d) ...f (d) 

“O “-1 —2 "P-i —1 —2 -a 


1 -I- Id 


g^(d) g2(d) ...gj^(d) 


VJhere the multiplication of vectors is already defined. Some 
of the factors may be common to both the numerator and 
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dc-nomina tor and can be cancelled'. Therefore the expression 
for S(d) b., comes 

P(d) 

™(d) ~ (fCdT * where P(d) and G(d) are rola'tively prime 
polynomials over GE'(2^) 

ihus the sequence S is represented by ratio of tvTO 
relatively prime polynomials in d over GF(2’^) and can be 
gcn..‘rat. I oy a Ll'SR circuit over GP(2^) whose connection 
IxDlynoraial as G_(d) and initial conditions are qiven by ^(d)« 

Find th:: conn ction polynomial of LPSR circuit 
which c-in g --nerato the periodic sequjncG 


S 


1110 0 10 
s^l 0 0 1 0 1 l) 

110 0 10 1 


with period 7. 


'■’hoosing a = 
can bvj \^^ritten as, 

S = 


0 

1 

0 


2 3 

and gCxJ = 1+x +yi / the sequence 


-^2 2 5 6 

a a-^i a a a a 


or G 


3(d) 


43 2 324 S' 5^ 66 

ad- a-^d t Id -!- ad' ■- a'^d -t a^d + a d 


1 -1- Id 


and after going through a very lengthy process of determining 
the factors of nirtcrator polynomial, we get 

(a a^x -i- a^x^) (i- f 2. + 2.^x t 


S (d) 


(1 Ix^-r lx^+ lx'’)(l + Ix^t Ix^) 


l-hlx^-i-lx^ 



bi 


Therefore the giv^ sequence eq"* he generated by a T' stage 
liFSR circuit whose connection polynomial is 1 + lx^+ Ix^ • 


If we choose P = 
becomes 


0 

1 


and q(x) 


l+X^+X^/ 


the sequence 


§. ^ the liFSR circuit has still 3 stage 


However if wo choose q(x) = l+x+x"^# a « 


then 


and S (d) = 


a^+ a^d + ld^+ «d^+ “^d'^+ a^d^+ a^d^ 


1+ld 


T 


mm 

“ l+GC'd 


Thus a single stage LPSR circuit whose connection polynomial 
i® i."** generate S. ?rom the above discussion/ 

followed by an illustrative example# we observe that the 
design procedure involves the following steps* 

1- Choose an irreducible polynomial q(x) of degree- n# and 
a primitive element a among various possible choices* 

2- . VJrite the given sequence as a sequence of powers of a. 

3 • Write the sequence in polynomial form. Find the factors 

of numerator and denominator polynomials. Cancell common terms. 


4 . The resulting denominator polynomial is the connection 
polynomial of the desired IFSR circuit. 

5. Calculate initial conditions from the numerator polynomial. 
The above procedure has the following drawbacks. 

1, Different choices of « simply rcaianic the sequance and the 
designed DPSR circuit is not changed/ but different choices of 
q(x) lead to different IFSR circuits and an arbitrary choice 
may not give the shortest length LiFSR circuit. 



. /. finite length sequence of length P may be portion of a 

periodic sequence of period P which may be generated by a 

Li'oR circuit much shorter than the one which generates sequence 
with jjoriod P. But there is no way to know ^ 2 .* Therefore 
shortest length is not guaranted, 

3 . Factorization of polynomials is a difficult task. It 
bcjcomes more difficult as we go to higher degree extension 
of fields. 

The synthesis procedure given by Massey^^^ is free from 
few of those drawbacks and is proved to be the most efficient 
procedure. A synthesis procedure based of Massey's is given 
in the next section. The problan of getting shortest LFSR 
circuit for various choices of q(x) is overcome by designing 
for all q(x) and choosing the shortest one. 


4.2 Brief Description of Massey's Algorithm * In this section, 
the Massey's synthesis procedure is described in brief.' The 
procedure is based upon the following theorem, which asserts 
that the shortest length LFSR circuit which can generate »- 
given sequence can be synthesized in an iterative fashion 
given by the theoron. 


Theorem. In any field, let S ...S be given. Under the 

(o) (0°) f ^ 

initial conditions A (x) = 1; B (x) = 1 and L = 0. Let the 
following sot of recursive equations be used to compute a (x) 









"a 

( x) 


1 

1 

^R^ 6r (l-6p)x 


w 

1 

CxJ 


R=l, 2^ . . . P 


v/hcrG 6 


- 1 if Ap 0 and 2Lp_^ R-l 


6p = 0 othorwiso 

( P) 

Thcai A (x)iu tho smallest Hvearce polynomial ^^ri-th the propertie 
th”it 


(x) = 1 


(p) 

and S,, _ "1- h A , S . 

j_l 1 R-j-1 


4,1-2 


0, R = L +1, . . .P 


Ap 6^^ is understood to bo zero wheanover Ap = 5p = 0. 


How vm SCO how the above thooroa is useful for liFSR 
circuit synthesis. Lot S = . . .Sp_^^ be some given 

vector ooqu-.ance and a LPSR circuit is to be designed to 
gonorato it. If such a circuit is designed with tap coefficient 
C, C^,.-.Ct and has L^ number of stages then we can write 

—1 —2 “""p ^ 

Eq, 3.2-16 for this case as. 



/ 


^ “ Lp^Lp+1. . .P-1 


a4 






j=l 


C . 



P 

s 

j=l 



k = Lp, Lp+l...P-l 


4.1-3 


whore, til o rnul tipllcntion of vectors is defined in Sec. 2.2 and 
C^. arc..' matrices corr os pending to vectors Cj . 

If thv.' designed circuit is of shortest length thcai the 
pilynominl 

C(x) = Cq + X + C^x^H-. ♦ .t C^j ^x ^ 

P 

must bo rr sma.llost degree polynomial with the properties that 


C = I 
= 

4.1-4 

k-1 

nnd t'*" ^ ■! 1 " ^ (using Eq'.4.1-3’) 

-k-1 =j -k-j-1 3^=Lp+l,...P 


/md if v;..; compare the above properties with those given by 

Ecf. 4.1-2, wo observe that these are the same. 

iluv; we nhov/ how Eg. 4-1-1 can be used to calculate C(x) 

GO that ii(x) has the properties given by Eg. 4.1-4 

The synthesis procedure based on Eg. 4.1-1 is iterative and 
consist;; -jf determination of the guantities L, which is the LPSP. 
length and the connection polynomial C(x) given by 

C(x) ~ i ^2^ '*' * * •■^* • * 

This pair of quantities is denoted by (L,C(x)). 



lor etii .h Kjf witrirting from R=l,a shortest LFSR circuit is 


desiqnoa lor generating the first K alOTents of the sequence S. 


Th,. bFS,( circuit given by Is a minmum length 

circuit '.or producing This LPSR circuit may 

not bfi unique. Several choices may exist, but all will have 
orjuel length. At the start of iteration, a list of LPSR 

circuit::. (L^, C ' (x)), i=l, 2, .,,R~1 is constructed. The 

circuit C (x) ) can generate S^S 2 * The 

til 

R output of this circuit is, 

R-1 


-R-1 


j_2_ —J R— j— 1 


,th c . 


A f.jUcUitity known as the R discrepancy is obtained as, 

S, 




(r— l) 

T - s„ , = s„ ^ + s C. , 

-R-1 “R-l “R-l aj * -R-j-l 


(R-1) 

or A = S , , 

j=:0 “R-J-1 


tTi 

If = £ / then the (R-l)^ IPSR circuit can also generate 

til 

the R element of the sequence then 

(L^, (x) ) = (x) ) . 

Otherwise the circuit taps are modified as follows, 

= C^^-^^Cx) + A x^ C*'’^"^\x) 

W$ JSI3 ^ ^ 

where A is a field element (i.e. matrix equivalent of 

"* (ml) 

a field eloncsat A) , 1 is an integer and C “ Cx) is one 

of the IPSR polynomials calculated earlier. 



A prop<-*r choice of A 


-n 


^ and 1 = R-m gives 


(x) = + a-A a X » c^“-^'(x) 

=3 sa ~m W 


rin<i the now discrepancy becomes 


R-1 ( ) 

T 

—ii . ~i ~R-i“l 

j=o 


J=0 =J 


^-j-1 


-R ^ 
(p 


and therefore (x) can be used to generate' 

^(o) r\ __ -r T, _ n a» 


(x) =1, = 0 and 


In this manner^ we start from C 
A = 1, C (x) = I and proceed upto R=P and thus 

calculate (Lp, C^'’’ (x)) which is the shift register design 


for 


L = §^§.3_~2" '-P-1* 

We observe that the choices of A, 1/ ^ / 


>o-^' Cx) 


in the .above case arc equivalent to determination o = 
using Eq- 4.1-1. Therefore the theory ensures that C (x) 

is the smallest degroo p^vnomial 

in determination of C(x) by "^ing Eq. 4.1 4, a p y 

fR) ^ (x) is intro< 


Cx) 


^ ^ s- 


is introduced 


‘fi; 


whore H^< R the largest integer such that 1. and 6 

..I. / T 1 In otherwords is the most reemt 

is givaa by Eq. 4.1“-1* otnerw r 
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it..-raf..icn) num}->.r in which length was changed, and this 
choir.; oC guarantees that c(x) calculated by Eq* 4 . 1-1 

ir. o: shortest length. 

^ ^ ibocodurc : In the previous section, 

\h' liov>' s.w’n that the synthesis procedure involves multipli- 
cation and Inversion of field elements. In the present case, 
the I i. -J d .lenient nro represented by binary vectors, and 
their a'lul tii‘)11 cation and inversion can not be achieved using 
(-irdinary I'ulos. It has been discussed in Section 2.2, that 
lot th.ase it<ur[x^sos, the vectors are converted into corresponding 
maltriciiO f(iv,-ai by Eqs. 2.2-7, 2.2.8 and 2.2-9. Therefore 
v/hi.ne'V. -r there is a multiplication or inversion of field elements 
in the c.'jlculation of cCx) , the elements are converted into 
cor rcsjXjnding matrices. The process of obtaining matrices 
corr os jxrnding to vectors is already discussed in Section 2.2. 

Hfjr r w- represent it with the help of flow chart number 1. 

Ficuir chert numb. or 1 explains hovr multiplication and 

inversion of field el. 3 ments is obtained. The synthesis 
procof.'iurv; is .explained with the help of flow chart number 2. 

After the JuPSK circuit given by (Lp, C^^^(x)) is designed 

for one choiGc of g^^^ (x), the other designs should be 

iC 

detorrnin .'d so as to choose the shortest IPSR among them# This 
can bo achieved by follovring the procedure given by flow chart 
number 3* In this procedure, after calculation of (hp,C (x) ) 
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clioicx:^ of (x) , K is increased by one and the 

proc^^r.r> in continued^ Simultaneously, the smallest rnmber 
.ihiiJiKj th<‘ hj/s Ctilculatod for each K, is stored as the 
vn.l.n*.; r^t tile variciblG LEM3TH and corresponding 
rU:<JTajci in i:he nrima COM (x) • This process tvarminatcs when all 
irr ’«lynomi?ls (x) has bean considorod. 

/%t. ''nd o-f- this chapter, a computer program in FORTRAN IV 

i.r. fiivon '.’hich can bo used to calculate the connection 
l> ) I yrio:viJ.<il and the number of stages of the LFSR circuit which 
f'.'in r.ito the soquenco specified in the input file of the 

ptfr ;r 't’l. a ca.ur'e of m^anory limitati-ons, this program is made 
V/j li’dR circuits for generation of sequences of length 

Ic-si; than ](>0 ov^r the field GF(2^), whenre n 1 5'. However, 
it c.oi easily be extended for higher values of n and P* 

? ,jv; examples are solved with the help of the given 
computer .program and it can be verified that the circuit is 
of shortont length in each casen 

For simplicity of calcula':ion of initial contents, 
the output in drawn from th^ l^^st stage. Therefore the 
initial contents can bo determined by using Eq. 3,3-7 and 3,3-8 
and they coincide v/ith the m initial bits of the given 

s iiquunco • 

i. j. For S = §^§,^§.2% "P-1 

The initial contents are 
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s 

“in-l 




^(o) 


I-Iowevor, if we wait to draw output from the input poinu 


ol first stage only then fiom Eq, 3.3-4 


/ s /V { 1 ■ 

c(d) Y(d) = r s Sc 1 

= “■ S'=0 i:=l ^ 


or writing first m elements of the sequence Y given by 


Y(d) 


V yi'l + ^2^^ +• • 


it matrix form 


I <9 (p ... fp 


C, I cp . . cp 

ul 1“ ni « 


Ct c„ . . . c 

«si2 


§2 k ■••S 


C , C _C <..I Y 1 c, <(.■ ... ® 


3j(o) 


And therefore can be calculated in terms 

*^1 * ^2 * in 

gl §2 ■•• Pm So % •" Sm-l ■ 
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FLOW CHART NO « 1 



ProcedurG to o b fealn — y,f?P.:fea£- 




FLOW chart NOc 2 


start 


RiiAD P and n 

READ S S . .S , 

— O “1 —2 --p~l 


InitializG C(x) = I; B(x) =1/ R = o; L = 0 


_ Con tiny 9.:^. 


R 


R+1 

“T" 


,.th 


i Calculate R discropency 

I L 


r 


A 

tit! 


1 


K - 4 - 1 %^ Sj 

3=1 -J i 


Yc: 



■v'Aj, = 0/ 

'•t ? Y 


Ilo 


Compute now connection polynomial 
'T(x) ior w?uct it is zero* Using 
;'j:(x) = s(x) + A x.|{x) 


''J.U 

I C( X ) *■ T (x) j ‘ • -'■r 21 ‘ 5. B-1^' 

■■ ' -1- ' '* 

I ' 

^ f 

J, Yos 


IbCx) - xLKx) I t Length change needed | 


X 


iB(x)- S(x) 

I 


K- 


10 1 C( x) 

= P/:: i “ *. R-L 

V / 


Use of program 
given in flow 
chart no • 1 
; for multiplicatior/ 
inversion of 
vectors by 
I converting them 
into matrices 


! STOP 


m;. o eny* s Synthesi s , Alqo rj ^ a B 
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FLOW CliART NO . 3 




ST/'iRT ) 

1 

-I 

K=£) ! 


.K< 


_K+1 




\ 


xvnply Mosaey^s procedure to calculate C(x) and L 
« ‘til ^ 

to I k choice of irreducible polynomial, such 

th'it; multiplication and inversion of vectors is 

dcjne by the proce'^ure aiven in flow chart No. 1 




Yos 

i N kr=l / 
X, 




hy^ym ^ L 

con(x) *- g(x) 


-v 


L Is smallest 



Yes 

LB5GTH is smallest and CON(x) is 
corresponding connection“polynomial 


LENGTH i4 
smallest 


List of number 
of irro'luo’iblc 
p'tlyno/.il., 1:; of 
docfrf.'c* n 
F(:>)--^l;F(i)=2 
etc 





[iave 

irreducibld\ No ^ 

-tK.’ polynomials been X Repeat for other } 
considered choTc es of q ( x ) 

ds K==p(n) 


! Yes 


’Write results 
(LEl'JGTH,CON(x)) is the 
shortest SfSR circuit 
design 


STOP ; 


Synth esis Dro ccdure with provi sio n tp^cj^ ose^^.,.^ 
LIi’SR ci rcuit 
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In "the following example^ a LFSR circuit is designed 
to generate a given sequence. The example is solved in 
detrili. showing at each step/ the values of various variaJoles 
uncxi -in the computer program. The s-ymbols used here are the 
r.pmn as are used in the program-j Then few more examples are 
qiv(m 'A-hich are solved with the help of computer/ and only 
tho results are given. 

Ex ample '1 . 2 

Synthesize a LESR circuit to generate the sequence 
over GFCz^) 

^1110100 ' 

iuiiiolo r 

OlOOlllJ with sequence length 7i 

Solu tion. Various variables are declared integer and are 
dinensioned. The read statement assigns/ 

P = 7 ; N = 3 

S(l/l)=l/ S(l/2)=1; S(l/3)=l;S(l/4)=^;^ S(l/5)=1? S (1, 6) =£)/S (l,7 ) = 
S(2/l)=0; S(2/2)=l; SC2/3)=l/S(2/4)=l; S(2/5)=0/ S (2/ 6) =1/S (2/ 7 ) = 
S(3/1 ):tD; S(3/2)=1; S(3/3)i=0;S(3/4)=0/ S(3/5)=l/ S (3/ 6) =1;S (3 /7 )=: 

Companion matrix corresponding to 3rd degree polynomial for 
K=1 is formed. Thus 








ey' r> Algorithm Starts. Initialization. 


Rr-/); W3/ 13(1) = B(2)= ..,= l3(p)=0 I LEM.(l) =LEM( 2 ) =. . . LEM ( P) =0 

• • SIS ““ ^ ITS ^ 


b(i) 


'l 0 o' 

i 

'l 0 0 ' 

0 10 

; lem(i) = 

0 10 

.0 0 ij 

1 

1 

0 0 1 j 


Th'"* vnluos of Llic "rarionf^ vctri ahi3.-os for oaob- itoi cttion are 
t.abul atoil b-elow 


DEL(}} 


■ 1 ■ 

(1) 

"l 

0 

n 

0 1 

(1) 

"l 

0 

0 ' 

0 

; T (1) = 

0 

1 

0 

; T (2) = 

0 

1 

0 

_0 J 


__0 

0 

1_ 


0 

0 

1 


(1) i 

"l 

0 

0 1 

1 

(1) 

'o 

0 

o' 

2Ii<R-l- B (l) = 

0 

1 

0 

; B (2) = 

0 

0 

0 

1 

0 

0 

ij 


.0 

0 

0_ 


(1) 

1 

0 

0 ~ 

(1) 

‘l 

0 

o' 

LEM (l) = 

0 

1 

0 

; LEM (2)= 

0 

1 

0 

sss 

0 

0 

1 


^0 

0 

1 _ 


R=2 



"o' 

(2) 

'l 

0 0 

(2) 

1 1 1 

D^.(2) ^ , 

I 

i 

-IJ 

; T (3) = 

0 

_0 

1 o 

0 1_ 

/ T (2) = 

10 0 

_1 1 0_ 


( 2 ) 

2L >R-1 ; LHi(l) 

ra 


'l 

0 

o' 

(2) 

1 

1 

l' 

0 

1 

0 

; Lm (2) = 

1 

0 

0 

t 

o 

0 

1 ' 


^1 

1 

0_ 


( 2 ) 

B 



'o 

0 

o" 

1 

; B (2) = 

'l 

0 

o' 

(1) ^ 

p 

0 

o' 

0 

1 

0 

i 

0 

0 

0^ 


' 0 

0 

1_ 
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Rr.O 


DEL (3) 


0 

0 

0 


DEL(r) = p 


(2) 

li ■-= 


(3) 

il ( 3 ) = 


0 0 
0 0 
0 0 

0 0 
0 0 
0 0 


0 

0 

0 

0 

0 

0 


( 2 ) 0 0 

; B (2) = 0 0 

.0 0 


( 3 ) ( 2 ) 

; LjL 4 = Lm 


0 

0 

0 


R =4 


DEi.(4) = 


0 

0 

0 


DEL(r) ^ p 



(4) 

\ I (4) 


R =5 


10 0 
0 10 
0 0 1 

1 


( 4 ) (4) 

B ( 1 ) = B (2) 


(4) r° ° o' 

B (3 ) =: 0 0 0 ; 

_0 0 0 

(4) (3) 

Lm = Lm 


del (5) 


0 

0 


(5) 

B (5) 



DEL(r) = 0 

htM 

° °] (5) (5) (5} ( 5 ) 

1 0 ; B ( 1 ) = B (2) = E (3) = B (4) 

0 1 

(5) ( 6 ) 

LEM = LEM 


”0 0 
0 0 
0 0 
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! 0 


i) i;!i ) ( n ) 


( 6 ) 

i i : 


i i / DEL(r) 0 
! ., ! 

I i 

fj 0 0 


iC' 3. 

I 

!f! (1 


(6) 

B (1) 


( 6 ) 

B (5) 


( 6 ) ( 6 ) ( 6 ) 

B (2) = B (3) = B (4) 


0 0 0 
0 0 0 
0 0 0 


( 6 ) 

/ LEM : 


(5) 

LEM 


R™/ 


DEI I ( V ) 


0 


(7) 


0 

1 / 

DEI 

.(R) = 

0 






OJ 










1 

0 

O'i 



'0 

0 

0 1 



0 

1 

0 , 

■ 1 

(i; = 

0 

0 


, I 

J -ho 6 

0 

0 




0 

0 

OJ 




(7) 


( 6 ) 


I, BA = LEM 


(7) 


= L, 


( 2 ) 


= 1 


/.IJ, fi'^-ndronics are over, = E(3) = Number of irreducible 

f.'OJ ynorni.il.'' of degree is 2. 


Rcippab the process for K=2 i,e* M 

In this casc/ final result is 
LsB nncl 


(7) 

LH4 (1) 


0 0 1 
10 0 


0 


1 1 ' 

X J-j 


(7) 

La4 ( 3 ) 



fm, 

1 

0 

0 ' 


'1 

0 

o' 

s= 

0 

1 

0 

; L^ (2) 

0 

1 

0 


0 

0 

1. 

1 

_0 

0 











0 

0 

0 

(7) 

1 

0 

0 


r 

0 

0 

/ LEM ( 4 ) = 

SM 

0 

1 

0 

1 

JO 

0 

0 


0 

0 

1 
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ThoroPor- the last pFirt of program chooses 


curJd ) 


rr 1 

'l 

0 

o' 


"l 

1 

“1 

1 

r = 

0 

1 

0 

; CON (2) = 

1 

0 

0 


0 

0 

1. 


1 

1 

0 


The final answer is therefore. 



'i 

0 

0^ 


~i 

1 

•s 

1 

c:oN(d) = 

0 

1 

0 


1 

0 

0 


0 

0 

1 ! 

j 


-1 

1 

0_ 


d 


The computer program and some examples solved by using 
it «irc qivon in the following pages. 



J 41 

22 

23 

2t 

C 

r 


i 


» 

i 

■ 0 

‘U 5 , ! :■ 


, ' r ^ f i ; 

> i . 

^ ) 

, OF bOii 

') *•< 

. f 

1 

■ 1 , !) 

# 1 

1 1 ) , C V » 

1 .* 

IS, ) 

, ! 

p) 

, i .'T'u A‘> 



■ ’ ! 

.f 

‘i , S ) , A 

■I 

■ ‘M.S 

f ^ # 

i 1 

, IjF ■'< 

y «, t 

;n: 

^ • C ;j 


, i ‘ - ) 

* 1 

< ! i 



''.■■ 0 ' lO.v 

npt ■ 

f : 

f 

1 

>. :■/ fc ■’ 

* ’ t 

K 

S' > . 

1 » 

f 


1 1 


» ) , 

f 1 

.'HI ,.Ij 

0. r 

1 

f ..... 

1 ) 


: 1 

1 

1 1 

f ....■ 

?) 


. ^ : r 

' M : 

} . 

0 > ' 

3 } 


f 1 , 5 i " 

( 

i 

■ * # 

"KV ICO: 


C , BPB C 5 , 5 , 1 ) , BH ( b , b ) 

■U B , 5 , 1 00 ) , ST7M { 3 ) , SO r, T 1 t B J 
f 5,5) ,r)j;:r,b(5,5) 

A5(5,5) ,T::VDKl.,f‘j.5) f 5,5) 

■'ATC 5 ) , IfJuni;Mt5,5 J , ( S , 5 ) 


,e'.TuTr='sPOTfv ' ) 

» rr_»p,p5t.TfjT') 


~'t)oK' ,FTijP 
, J=l ,P) ,T=1 


■) 




301 

0 , . T 


t 1 , 2 ... 


PH r 

,.,p 


201 


'A 

i’( ih r. 

?C 3 


lA 

T <' S 0 X 

707 

■ Pmi- 

lA 

^ !. 5 .s 

?>>4 

i/, r» 

: * 

20 X 

? 0 P 


.'/i 

52 X 

c 

rr P 

1 p 

1 C 1 -.7 , 

c 


.:rc 1 !> 


t f 1 

n 

f 

,'H = i 


. 1 ^ c ^ 

, 1 

, ? ) = 1 


i\(^^ 

, 3 



Ml 

'1 

.21 = 1 


A C 


, 'H =». 


A| 1 

, ! 

, ) = i 


A f 1 

,5 

,'.’)•=) 



,5 

, 2 j=o 


f, 1 1 

,5 

, 2 ) = 1 


A t 4 

,S 

,?) = ! 


A(S 

,5 

, 7 ) = 1 


A C 

,5 

,?)=<■ 


r( ! 

) = 

1 H- ( 2 


= 



? 

Ksk 

+ t 


c 

Pi IP 


c 


t b 

FUf'l 


r-p 

3 

1 = 1 , < 


Hii 

3 

. 1=1 , 

• 

M (1 

, 7 J =0 


T |0 f 1 1 

J.FO. 

3 

Cf 0 ' 

i‘T 

.nr: 


ru 1 


! = 2 , ) 

4 

f'HT 

,fJ )=A (0 


‘'1 ( 1 

,M) = I 

C . 

♦ 4 4 * f 


r 

TO I 

•.'•1 AIHYa 


PS(J 








'■)SK ' ,t- TbP: 

4 ) C .S f 1 , J ) , J= 1 , P ) 

5 ) P 

, ' Px.Tioie * ,5X, 'besiqn 
, ' tt;f se (Mencp ' / 1 

, ib('i I 

b Sequence 
•’S JF t>u»'IKR,S OF 

i'OiP'H'Gi 5 


’SEOTw') 


a !,KSR circuit to qenerate') 


) ,/) 

,/) 


lenath ',^ 3 ,', 
X TN PPlMITiyE 


',///) 

pnLYHHMT/^L 


OF 


' A(.l , 3, 3)=.* 

M ( 1 , i , .n = 0 ; A c 1 

' -A f 2 , i , i ) =t. ,VA ( 2 


4.4) =:0 

4 .4) =1 


P,5, 


' '' i 2 , 5 , 

' 1 ( .) , 5 , ^ . 

: /v(4,5,3) 


3) 

n 

3 ) 


A(i 


5,4)=0?Af 1 ,5,5)=0 
. ...,5,4)slrAC2,5,5)=0 
I ; A(3 ,5,4 J = l ?Ari,5,5):=0 

- - , 1 ; A ( 4 , 5 , 4 3 =0 ,• A ( 4 , 5 , 5 ) = S 

Af5,5,3)=u;At5.5.4) = l;A(5,5,5) = 1. 
A ( b , 5 , 3 ) = 1 ; A ( 5 , 5 , 4 ) = 1 ; A f b , s , 5 ) = t 
= 1 ,*F( 3 j-2?F(41 = 3;F(5)=;b 


C'lTIPARlPO MATRIX 
rTTVF PULYfJOMlAL 


I } b( I,J)s1 


COPRESPOWDTNG TU. 


- '■< , 


1) 


AbGORlTHP STARTS HFRE ■***■** 


1 = 1 rf,' 

J=l,- 
T r IS 1 


iAi iisi,p 


no 14 1 
nr; 141 

no 141 ,, . 

f.FM(r, i,n)=o 

PCT,j.in=o 

DO 21 X=l,M 

DO 21 J=1,M 
TFCX-J) 22,23,22 
Rf t,.T,l)=0 

i..ii:HCi,J,t)=o,'Gaio 21 

CDiiTIf-niE , 

. -- ■ 


•rAl.CUirAfia«' OF R'th DISCREPENCY 

DFT/fftCR)'^SHAftR)+SUMMAflONfa>^lto L3LEMC J+l ) ♦SMATC R-J) 

PsRFi..,.- . .o-', ' . . . 



25 

n|. 


1} 


f 

.1 

:4 

( 1 

,IO 


ir 

' ^ » i 


m 2-' 

) 


0 rn 


f ' 

* 2^ 


= 1 


i- i 


26 

S*' 


1 n 






1 », ' 

' 

! 

.1= 

i 

§ ^ i 



T| 


hj 






t ‘ 

, p 

i 

=1 


■J 




■-'n ( 1 

).= 


f f 

, '1 J 

28 

h ‘ ' 
r,j. 

MCI 

f 

# 

n 

If 

i!k 

R( r. 


r,A 



I' 7 

ij 

Tl 

f.r r'.l 


27 

29 

C 

7 0 

7 2 

C 

C 

C 

C 

33 

3t 


37 


36 


38 

C 

C 

C 


C 

c 

c. 

c 

40 

71 


n. • 2 7 rr) " ' ■ ' 

r..« •(! )=:,,H>,(?v! K I)”t.K-i:-!A'|'r ,n) 

2^' l = i,0 

p , *>) = AP;,unh:L.(I ,r)-SUM(1 ) ) 
r.i t 'th D J Sc'PKPfcjOC^ 7,ERfJ? 
nc j? r = l,': 

.13,32', 33 

r - i\' I. 

n. ’.r, ( pj i.s 

CO'riECTIOM POLYNOMIAr. 
rr>r '.^HTCM DELTA CR) IS ZERO. 

T(X J = 0!!o(x)+Ot.;L(PJ*B(X)*X 
I'D J1 

DKLuT.u<l)=nF:L(7 ,Pj 
r \LD '/S’T’H-^DKraJ.L, 'i,aELL,w) 

tifl if. = 

nil 37 ,!•: 

ni. 37 j=i 

RDM , 1 , 11-1 ) 

r A i , .' 1 A i" > f JT ( I) F: f,. L , H B , D E L B B , ) 

iUi 36 Tsf , 3 

r>n 16 fst,''.' 

Iih:I,d(|, 7, tl inDELBtUl, J3 
T( [,. 1,11 )sAbSCLEM(I,J,Tl) 
l)(i SR 1 = 1,') 
no i« 1 = 1,7 
T(T,.T ,1 isLE'iC j , J,n 

TS LEHDtR r,.)Af:GE hEEDED? 
rF(2 + b-« + l) 40, 1C, 41 
7itr, IS IHRE THA.7 R-J . 

D!-rUx)-T(x) 


■Df;LBCl,J,Il )) 


4 t 

DC- 4 3 I'i = },[< + 1 


f)'- 4 3 Tsl ,N 


nr i 3 1 = 1 , H 

43 

Ml)=T(i,j, rn 

C 

ni'LCACR) IS ZERO. 

C 

C 

ni< 2 *ij I.S MORE THAN R 
B(X) X+BtX) 

4 4 

nr. 45 U = 2 ,R + .1 
])(•■ 45 T:;! , i'J 


no 15 ,T=l,i.j 

45 

WBBCT, T,in = B(T,.T,Ii- 

DO 46 T=i,M 


no 46 .r=i,N 

46 

BBB{|,J,n=0 

DO 47 11 = 1 , H +1 
no 47 1 = 1 , H 
on 47 J= 1 ,H 

47 

B{I,J,Tl)=BBRCI,J,Tn 


criTO 5t 

2*h IS LESS THAN/EOUAL TO R-1 

R(x)snRLTACR3lHVERSE*LEM(X) 

r.EM(X)~TCx> 

f,S:R-r, 

DO 71 19=1, N 
DO 71 .J9»1,K 
AAACl9,j93=DELIj<;if ,J9) 


9 9 




too 


73 

74 

75 
72 


50 


49 

C 

51 

C 

C 

143 


145 
C 

C 

C 

144 

146 


148 

C 

147 

C 


640 
630 

641 

642 


644 


540 


C 


r A 14. 1 A T I -j 7 ( A A A , N , BB , 0 , i )FT , 5 ) 

0(1 /2 TH = 1,0 
Hf) 17 .rH=l,h 

A = , A'^r.f AAAf I.B, JO ) ) 

TmTAs:kAAA/’>. 

hfs/ 7 . , 
rjj, .)=!'' lA 

TF(!'f’l,A-Rai,it) 73,74.73 
I1A = 1 75 

1 I A=(' 

T:iV!'f-*bf iR, TH) = r lA 
rnotTii'O-; 

0(1 4R 

r.f! fiO T=!t,>'i 

n.) 5( Jsl,'.: 

rj'OB I'l.vi f I , j ) =bem ( I , j , n ■) 

r aOL f'lATMU'T ( 1 6VuFB, LEHMmM , TKODOM , N ) 
nr» 4 R 1 = 1 ,6 
r){_. 4 B ..r=l,\' 


Twnij.r-tci: j,ii ) = iMjj!>nM( I, j) 

B(I, J,Tl) = i!ir)EL.BCI,J,Il) 
T.E'UI ,J,Tn~T(T,J, Tl) 
r,=p--f, 


AHF ABB SifTJDROHES OVER? 

TP’fK.HF’.P) GOTO 24 

T.FNGTH = Ij for first FRIMITIVE POLYNOMTAB, 
rot' tSf JsBK'JCx) FOR FIRST PRIMITIVE POBYMOMIAL. 

TFtK-n 1 43,1 43,1 44 

T.ENGTHsf,, 

no 145 I = l,(i 

ntj 145 Jsl.fJ 

no 145 31=1,R 

rnwcT , ,r,in=LEMCT, j,in 

CAT.COBATF L ^ LLM(x) FOR OTHER PRIMITIVE POLYnOMI AI.S. 

IF Uf.O LENGTH IS MORE THAL.WFVJ LENGTH L THEm 
I.ENGTH=NE« length L & CONfx)=NEW LEMfx) 

GOTO 147 

TFfLFNGTH-T,) 147,147,146 
LENGTN-L 

no i4b 1 = 1 , n 

no 148 J=l,N 

no 148 11=1, R 

CiMUI ,J.in=l.EMCT, J,T1) 

TRY 'i^nR Ol’HER PRIMITIVE POLYNOMIALS. 

TFCK.NE.FtN)) GOTO 2 , . 

ALL^PRIMITTVE POLYNOMIALS ARE OVER. WRITE RESULTS. 

WRTTFCl ,640) 

WRTTF(1,639) 

'•(RITFCI ,641 ) length 
WRTTEC1,642) 

FliHHATCiSX, 'PESUT.T' ) 

F0RHA,T(16X,6( 

FORilA rC20X, 'The desianed LESR Circuit has ',13,' staaes.' 

forma r(20X, Coefficients of the connection on i vrion t al ares 

DO 540 Il=l ,LENGTH+1 

write (1,644 3 II 

FORMAT(20X,I3,/) 

no 540 Ial,M 

WRlTFd ,204)(CnNCI,J,Il) .J=1,N> 

CuNTlNUE 

STOP 

end ■ : 


3 



10 

15 

20 

10 

4U 

45 

50 

60 

70 

RD 

B5 

90 

95 

100 

105 

110 

uo 

1 40 
150 
1 60 
170 
200 
205 
210 
220 
230 
250 
260 
270 
310 
320 
330 
340 
350 
355 
360 
370 
380 
390 
400 
420 
430 
450 
455 
460 
500 
550 
600 
610 

620 

630 

640 

650 

660 

670 

700 

705 , 

710 


11 

12 
991 
7 US 


101 

•.’.^TINV(A,N,P,M,D£:TEPM/NniMt’-:N) 

.BCNDIF^EN,! ) ,lPj VUTt 5 (jOj , IN'OEX C 1 00 , 2 1 

T'l n)M r* (’f iOU ) 

^ ^ ^ ^ , JcnLiiM ■) , ( AM AX , T , 5'.7 n.e i 

r'l* /.!• 1=1,'.] 

TPr^ri ff j)=M , 

nil 550 

I 1 I, ^.1 il = I ^ -4 

ri’M iPi ;rijT( j}-.i ) 60,io5,b0 

D( I I i y 

TFC £PlVyTir;)-l) BO/100,740 

TFCAMnX~AR<U A(,1 ,K3 ) ) 05,100,100 

TPfl.,=:J 

Tcnon’-iriv 

n.'4AA = AHr,CA(J,fv) ), 

COOT I JME 
ri! JTT jtte 

roT 7ntf icar.uM).-ipivoT(Tcoi,iiM) + i 

TFflRdW-lcnoOiO 14{»,?6!J,140 

nEl’EP.'i^-iFETKRM 

nri 2(0 (,= 1,0 

SrtAF=AC IRO'.'l.Li 

A(TOn.v,0) = A( IC1)610‘1,L) 

A(ICrii,fJM,ll = SWAP 
TP(f'i)26a,26o,/1 0 
nn 250 0=1, H 
5WAP = b(IH5)7.LJ 
B(TRn*j,0)=B( ICnOUH,!,) 

B( TCnijiIf-bDsSOAP 
TNOEXCT,! )=IROw 
ioiit:'<(T,2)=irniuM 
PlVDT=A(TCnLUM, ICOT.UM) 

O'fCXlsPlVOT 

A (TCm.ifM, ICm.lJM J = 1 .0 

DO 350 L-i,N 

Af TCni,Uo,L) = A(ICnonM,L3/PIVOT 
TFCH) 380,380,360 
no i7U 0 = 1 , M 

B(TCnoOM,L)=B( TC 00 UM,L)/P 1 VQT 
no 550 01=:1 .H 
TFCl.l-iaiOOM) 460,550,400 
T=AU.l',lCi)T,OM) 

AfOl , £Ca0>JM)=O.0 
nn 450 o=l,r>i 

Af?,l,Ol=A(Ll ,Ll'A(TCnLl)F,I..)4T 
TF( M) 550,550,460 
nn 51 ' 0 b=l,ii 

9(1,1 ,!. 1=0(61 IC0LUM,L)4T 

r(tM'2Tri<U: 

nn 7 In i = l,l‘i 

TiSF"* + 1 *• I 

nFTt:r!H = OETt:RHl'DT(L) 

TF(INUFXCu,n"TNnEX(L,2) ) 630.710,630 
JrtO«=rHUFX(6,l) 

,TCnL!!M = lW0FX(r.,2) 

DO 765 K=1,N 
p«JAP=A(K,JRO'i!) 

A(K,.TKnrt)=A(K, JCnLOM) 

A(K,JCrif,'iM)=ShAP 
CDO'XTMOE 
rniri’Tj^nK 
nn ii K=i,ii 

TF(iPlVOTtK),fiE.l ) GOTO 12 

cc’O'tinoR 

PEfURn' 

TYPE 991 ■ ' ■ 

,rf)PHATCiOX,18MMATHIX IS SIHGULA8 /) 

ri’if) . ^ 





171 

1 7 ? 



4 

5 


C 


45 

•^5 


C 


[r’Tr.i lil'i-ni-'lJCA'iIti^ OF k ^lAtfUX »Y A .tAi'P tX 

rh,;(if. r- nu f.irj'f, ‘SATUTCK.S IS M, ADUTT IO!\’ T.S AlliJitbO-? . 
5-i,-4:0(;Tj.- 'IP, FI 
t'i •<(: r'Slu . riPt?>,5) ,fiU5,5 J ,rr/»t5,ri) 

'•t. b 1 = 1, ci 
ii! S J=l,'. 
r,i.=' 

nil '♦ i\ = l,H 

i.h~AAl,f ( 1 ,K)>t‘Wp(K, J) 1 

nKTiJA'-i ? fJAu 

mmpfi.jTi’:'-: to 'KiLTiFt.y a fatpix py h vec'top 

SOAhDi!Tl‘'F "ATVt'nA,B,X,M) 

li;rrr,i.,R ACf>,5),Ff5),X(55 

Oil 55 1 = 1,0 

IS>J''- 1=0 

Dl'i ^5 K = l,w 

1 S • I M = A PO ( 1 S 1 1 M - A ( I , K ) 4 B ( K ) 5 

X( 17 = 130-4 

BF:'rijPA' 


I'BjD 
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‘esiaiV a L?*'3R circuit to aenerate 


tne seq.jence 


‘ ■ » 1 , j 


! I 3 '; ’ iiooi'>ui()i lox 1 mi 1 uoi 1 01 01 ot n iiioonoo 

t " ' i. ? » K' 1 1 0 1 n > n 00 1 1 0 1 0 1 <n 1 u 1 1 onooo 1 u 0 o(i i 1 ft 00 1 u 1 0 <» 1 1 1 j u i 

•i i.t.1 seauence Xenota oX. 


i-' I'jr; I aia i ijFS'i Circuit has i staoes. 

. i<''iuuts of toe connection oolvao.fital are: 


I s'! 

1 

3 1 
10 

■I 

1 I 


Cxa-iDlo 4-4 Oesiqn a Fjf*' 3 R circuit to generate 


t ie sequence . 

1 i i 1 >"io )t<>ioio<)uaiaoo')io')()iououxni.oioi iioooi looi ii oi looooo 
'Mala-ut-iioaooiouOlOUOUl 1 1 10 1 Ol U OOfH 1 on 1 1 lo 1 1 uODOUl 1 1 1 001 00 
1 > lain I UmOuX toon 101 1 OOOOO 1 1 1 1 00 lOOl 0 1 0 1 00 U 0 1 UOOOl 000 1 01 1 01 1 1 
witn sequence lenotn 63. 



I’. in Jesiunel ijFSR Circuit has 2 staaes. 
Caetf re t«tits of tne connection oolynomial are: 

■ 1 

!!!<• 
oi) ! 

2 

1 1 1 
I Of 
lia 
3 


t ' I a 

cm 

101 « 



101 


.)I '*'1 ^ M) I, 




a circnit to qeoerate 


tiiP sequence 

^ \ I.O^nRlOli^nt iiiiOUtlUlyOCH 01 U Itil llR!i)l i liJOOl jOOl I I 0 1 1 01)000 

0^- I'-Jl i iOl. 1 nnynoi t i I OO 1 00 i 0 i 0 I ’^0 1 1 0 i 00 1 UOO 1 0 1 I 0 1 1 1 1 i 1 01 Ot 1 1 

'*nt,i se^jvience lenqta 00* 


^O'lO lesioneO ijF'SR Oircnlt lias- 6 staoes* 
orM:ticie,its of toe connect Ion ool vnoiirial are: 


O 

1 

I ^ 


1 f.p 

I , lU ‘ 
to. 1 
] 

4 Oi 

m n) 
I ! m ' 

4 

I H / n 

ihm» 

f I '■) I 

5 

1 10; 
ImI! 

n 

3 CM 
n I o 
I r, I 


1 Ml. 

* lo 
t 1 



1 li 5 


^•,4 ^-6 'lesi fii a iif-’SR circuit to osnerate 


tae sequence 

i ' ‘*1 ! -.'1 ! 1 1 I IJ uU'Uoui oo'joooq 
•■'H 1 1 1 ! ..-.n,).) 1 till uu-jDvH 1 1 1 1 OiVO 
> \ 115 i.ri\ 1 <11 qq >qui >1 n) )i ini 

’ '■■■i'*-' n t i‘ 1 11 1. n. rot I uiooi ooo 

/it-.i sequence lenqtn 30, 


'' ti’ Inst-TiieJ ji-’;;')'? Circuit n,js o staues, 

'>e i. t i, c lei) 5 :s of tne connection Doivnoaiial are: 


! . , M , 

1 , 1,1 1 1 1 
' > ",l 

*' i 

0 5 . j I) 
I'M 1 

1 . lO 1 


let t 
1 1 1 ■' ) 
11 U 
mil 

4 

i mi 

i m, 1 

I t"i 
’ O ' 0 

t; 


1 O ' I I 

1 ml 

I ' 1 ft, 
i-"i, i 

f.'i 


I not- 

I I n I 

!!.t 1 0 

f.ou 

7 


lO'ltf 
t-’1. I. I 
mti 
f'lui 



^'7 ^esian a LF3P circuit to qcncrate 


trie sequence 

n I tv] ui 1 .,ul '■<.•() 

< ) ' 1 ' . 1 < ■■'’ I ! r ! , , 

M' 1 1 '•;> lu 

; ’ i t J ( t I (■(■ j ,.0,;. 1 

■atn sequence lenqtu 


1 !»6 


Jest iciPj ijF.sR Circuit has l staaes. 

>e r 1 3 .C lerits ofc the connection oolvnoralal are; 

! - nil 

. I' ^ ij\ 

lulh 

i 

2 - ' 

l.lUi. 

I ^ 11 ' . ■ 

cxaaPlt* hesiaii a LFSP circuit to aenerate 


trie sequence 

loll lllcUOcOll 
1 1 ijit hOOl 
()f,i ui n i 1 li'lliM. 0 
If .1 11" ! muoa i 11 
• J(. lUf'lK'Ohlll 

witn sequence lenqta IS. 



“ in .ieslquel uFS.R Circuit has 1 staqes. 
Coetticlents of trie connection polynocnial are; 
1 


Iu'.m:*,; 
(! 1 unh 
U<'1 (,0 
hOh i u 
nO<<U! 


t.'UOMl 

lOUOO 

hU'MM 

t'Rlcl 

cento 



CHAPTER V 


CONCLUSI ON 

In this thesis we hnve studied LESR circuits over 
GP(2 ) with the follov/ing two objectives. The first 
objective is* given a LPSR circuit, to obtain expressions 
for autonomous and total response of this circuit, and study 
the properties of the generated semiences. The second 
objective isj for a given sequence over GF(2^), to design 
a shortest length LFSR circuit vdiich can generate it. 

Results obtained in the thesis are summ'arized in this chapter/ 

some suggestions for further investigation in related area 
are also given. 

The important results obtained from the analysis of 
LF SR- circuits overGPCl”-) are» 

(l) Expressions for autonomous and total response’ of IxESR 
circuits over GE(2^) are similar to those for the case of 
LFSR circuits over GE(2) except that the coefficimts of 
various polynomials in the expressions are elaaents of 
GP(2”). Since the elsannents of GP(2’^) are represented by 
n X 1 binary vectors, the division by the connection 
polynomial C(d) in the expressions corresponds to multipli- 
cation by [C(d)]"\ where G(dP is obtained by converting 
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vectoi' coofficients of Into matricas t Thus the 

expression for the total response of LFSR circuits for 
GP ( 2 ) and. GP ( 2 ^ ) are» 

GP(2) : Y(d) = £. L ^. L .+ yj d), 

c(d; 

GP(2'")i Y(d) = [C(d}]~^ [P^d)4lJ(d)] 

where symbols have their usual meaning. The periods of 
output Sequence in the case of GP(2^) can be determined by 
using the procedure for GP(?), 

(2) Individual rows of the sequences over GP(2^) are binary 
sequences. For periodic vector, sequences/ these row sequences 
may have different periods such that their LCM is equal to the 
Period of the vector sequence/ but whiai the sequence is a 
maximal sequence roxv sequences are also maximal sequaices 
with equal periods. 

( 3 ) In the case of maximal sequences, individual rows are 
shifted versions of the same binary sequence which can be 
goierated by a mn stage binary HFSr circuit. The connection 
polynomial of this binary LFSR circuit is equal to the 
determinant of the matrix GCd), which is the connection 
polynomial of the LFSR circuit over GF(2^). 

( 4 ) The amounts by which rov;s of a maximal sequoi^ce are 
shifted from one of its rows (say from first row) are Integral 
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multiples of a number P = ^ where m is number of stages 

2-1 

in the liFSR. 

( 5 ) If tho coefficients of a. primitive polynomial over 
OF ( 2 ’^) are raised to 2'"^ power, where J=l, 2,3 , . .n-1, th^ 
the amounts of shifts for the sequence generated by this 
polynomial are 2 ^ times the amounts of shifts for the sequence 
generated by original polynomial* 

For synthesis of IFSR circuits over GPCg'^), we observe that* 

1* IiPSR circuits over GF (2^) con be synthesized by using 
Massey's algorithm. 

2* Different choices of the irreducible polynomial q(x) 
give different circuits, among which the one with shortest 
length is chosen* There is no apparent way to know the qr(x) 
directly from the Sequence which gives the shortest laigth 
circuit. 

In the light of the work done in this thesis, following 
points need further investigation. 

1.. Amounts of shifts ^ maximal 

sequence are integral multiples of a number P which can be 
calculated an terms of m and n* But can be known directly 

from the knowledge of P and the connection polynomial C(d), 
without calculating the product [c(d) ]”^P(d)? If yes, then 
the sequence generated by a primitive pxjlynomial C(d) can bo 
obtained directly by taking the sequence generated by 
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the first row (which can he seen from some 
table) and then writing the other rows using 

m „j . 

5 . 2 ; Araong the primitive polynomials 1 + S C7 d , 

i=l 

d=0* 1/ 2 * « in~l, which one gives minimum fo/ so that for 
others, amounts of shifts are 2-^'.P^? 

( 3 ) For a given sequence over GF(2^), can a q(x) be 
knoi-jn V7hich gives the shortest length IFSR circuit, without 
synthesizing it for all possible choices of g(x)? 
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Appendix A 

Inverse of the connection polynomial c(d) over GF(2^) 

The polynomial C(d) = I t C d + C„d^+, . .+C d!^ is the 
connection polynomial of seme IFSR circuit over GP (2^) and 
therefore is a polynomial over GP(2^). 

Therefore hy the definition of exponent of a polynomial, we 
conclude that c{d) is a factor of l(l+d ) for some least 

srts ISM ' 

integer L. 

c(d) = factor of l(l+d^} 

* C(d) e' " (d) = iCl-l-d^) 

* C'Md) = [c(d)]“^ l(l+d^^ 


or 




-i-i 


(d) 


ltd' 


2 


(A,l) 


where C' ' (d) is also a polynomial over GP (2^), 

Since c(d) is a n x n matrix with polynomials over GF (2 ) as 


C(d) = 


• [C(d)] 


-1 


we ' 

can 

write 



^11 

(d) 

S2 

(d) 

**' ^In 

(d) 

Si 

m ■ 

• 

(d) 

S 2 

V 

(d) 

*** Sn 

(d) 

C , 

(d) 

G _ 

(d) 

c 

(d) 

nl 

n2 


nn 


c* 

Si 

(d) 

C' 

S 2 

(d) 

In 

(d) 

Si 

(d) 


(d) 

“* ^2n 

(d) 

t 

« 

nl 

(d) 

'As 

(d) 

nn 

(d) 


nW 


‘C^,./(d)v.=5. Qof^%^ Qf, G... (d) in c(d) 
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and N(d) = Determinant of 
Therefore 


[g'.a) ]‘^ 




(A2) 


In otherwords, inverse of can be determined by 

considering C(d) as a matrix and applying ordinary matrix 
inversion technique. 

Example Ayl . * The connection polYnomial of a LESR circuit 
over GF(2~ ) is I + 2, d + a^d + 2°d^ 


where = 


3 

is the primitive element of GF (2 ) and 


r(x) = 1+x+x^. Find 


C(d) and [c(d)] 


-1 


Here 


M = 


0 0 1 
10 1 
0 10 


Matrix corresponding to 

a is a 


I 

a M,a 

2 

M a 

.] = 


0 

1 0 ' 




'l 

1 

0~ 

a2 ^ 

0 

1 1 

♦ 

2.^ 

= 

0 

0 

1 


1 

0 1 




1 

0 





2 

-.2 

6 3 





+ 

a d + 

l 

d 4- 

£ 





i+d~ 


d^+d^ . 


d 1+d^ ■ d+d^+d^ 


2 3 
d^+d 


ltd 


0 O 1 

1 0 1 

0 10 
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[cCd)]- 


1+d^+d^ d^-5-d^+d^ 1+d^ 

1+d® 1+d^+d^+d^ l+d^+d'^+d^+d^ 


d^+d^+d^ 1+d^ 


1+d^+d^+d^ 


l+d"^ 4-d'^+d^-i-d^ 


and therefore N (d) = 1+d^ +d^+d td . 


Expaneit of £^‘3-) 

From Eqr, A.l, the exponent of £^^3) is L. 

Consider Eg, A, 2. Suppose exponent of N{d) is L-' . Then 

[c(d)]-i = [£' ijV = ti' • 

* If L < L' then 

* ♦ 

[g(d)J is a factor of iCl+d^) 

det[C d)] is a factor of det [fCl+d )] 

2 

N(d! is a factor of (ltd ) 

Exponent of N (d) is leest (L^L'^ ) = L and not L . 


If L>L^ then 


Lc(d)r = [c^cd)]-^^ 


'(d) [C'Cd) H'(d)] 


or, „ [c Ca)]t5'(d) N'(a)] = la+d ) 

' I . 



i.e* C^'^ Cd) is a factor of l(l+d^ ) 

Exponent of c(d) = 

Therefore if E ^ L' then Expv [N(d)] = Exp 

In otherwrdSy exponent of C(d) is same as the exponent of 
its determinant N(d). 

2 

Example B»l , The determinant of C(d) = I -i- ad + ad over 

9 4 0 1 2 

GF(2'‘) is 1+d+d^/. where ® [ 1 elsnent of GP(2 )» 

11 

C(d) is a factor of l(l + d^) with least value of E=15«. 
Also l+d+d"^ is a factor of l+d^ with least value of 
E'= 15, Therefore L = L' i.e. 

Exp £ G(d)j = Exp £N(d)] = Exp £^3.et ^^C(d)} ] . 

Appendix C 

Exp = f^(Exp [q(d)]) 

? XTl 

Let q{d) = q^+ q^d + q^d . »-:-q^d is a polynanial with 
exponent e* We have to prove that for ; 

q(d^) = q^ + q^^d"^ + 1 exponent is P.e 

p 

Assume on contrary that exponent of q(d ) is f < Pe 

/ Ph . f 

q(d ) divides 1+d 

■ P 

Put d ?= X 

q(x) divides 1+x^'^^ 

Exponoit of q(x) = f /P < e which is contradiction to the 
statement that expjon^t of q(x) = e 
Assumpticm is wrong 
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Example C»l, Let q(d) = l-fd-J-d^+d^-fd^ 

Calculation shows that Exp [qCd)] =63 

T -2 , ,10^ ,12' 

qvQ ) = l-hd. 4-d “hd -fd 

Calculation shows that Exp [q(d^)] = 126 = 2. Exp £q(d)] 

_6 ,15” ,18 

q\.d ; = 1+d -!-d +d +d 

Calculation shows that Exp [q(d^)[J = 189 = 3 Exp [^q(d)3 

n " ^ 

■Therefore Exp [q(d )] = P x Exp [q(d)] is verified from 
this example# 


Appendix D 

List of factors of polynomials over GF(2) 

Weldon and Peterson^^^ have given' the list of irreducible 
polynomials over GF(2) and information about the nature of their 
roots. Here we give the list of all polynomials through degree 
8 with their factors over GF(2), Only coefficients of powers 
of X of the polynomials are given in the list. The corresponding 
polynomials may be obtained as is clear from the following 
example# The symbols N and P mean irreducible and primitive 
respectively. 

Example D. l. In the list, factors of 101101011 are 11.1011.11111. 
The corresponding polynomials are 
101101011 = 1+x^ +x^ -t-x^ tx”^ tx^ 

11 1+x 

1011 = 1+x^+x^' 

mil = i-fx+x^+x^ ^-x*^ 




+-x*^ Cjb^i’Cl+X^ +x^ ) • (i+X+X^ +x^ +x^ ) 
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Appendix E 

List of factor s of polynomials over GF(2^) 

Factors of polynomials over GP(2^} through degree 4' 
are listed here, “'a' denotes the elenent of GF(2^) corres- 
ponding to the vector [°] and q(x) = 1+x+x^ , 'N' mean 
irreducible and ' P' means primitive. 

Example E.l > Find factors of 1+a^x^tlx^ \ a = [°] ; 
q(x) = l+x+x"^ 

l+a^x^+lx"^ corresponds to lOa^Ol 
Factors from table are lal , lal 
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Factors of polynomials overGP(2^) through degree 3 are 

listed below, 'a' denotes the elenent of GF (2^ ) corresponding 

to the vector 1 and q(x) == 1+x+x^ . 'N' means irreducible. 

O 

E xample F.l . Find factors of Ita^x'-f a^x^ 

l+a X + a X is written in the list as la^a^. Factors 
are givei to be 11, la^ 

= (1+lx) . (1-^a^x) . 

































































































